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ABSTRACT. In this paper we introduce the concept of multivector functionals.
We study some possible kinds of derivative operators that can act in interest-
ing ways on these objects such as, e.g., the A-directional derivative and the
generalized concepts of curl, divergence and gradient. The derivation rules are
rigorously proved. Since the subject of this paper has not been developed in
previous literature, we work out in details several examples of derivation of
multivector functionals.

1 Introduction

This is the last paper (VII) of series of papers dealing with the theory of mul-
tivector and extensor functions and multivector functionals. It is dedicated to
the introduction of a key concept, that of multivector functionals and the study
of their properties. Particularly important is the concept of induced multivector
functionals. Several kinds of derivatives of multivector functionals, such as A-
directional derivative and generalized concepts of curl, divergence and gradient
are defined. Since the subject of the present paper has not been explored in the
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94 Multivector Functionals

literature !, we present in section 3 several examples worked in detail of calcu-
lations of different types of derivatives for multivector functionals. Multivector
functionals are fundamental for the formulation of the Lagrangian field theory
of multivector and extensor fields on an arbitrary manifold, a subject that will
be studied in a new series of papers.

2 Multivector Functionals

Any mapping which sends general extensors over V into multivectors over V
will be called a general multivector functional over V.

In particular, the general functionals with image-values belonging to A"V
are said to be r-vector functionals of general extensor. For the cases r = 0,
r=1r = 2,... and r = n we speak about scalar, vector, bivector,... and
pseudoscalar functionals, respectively.

For the applications we have in mind we shall need only some particular
cases of these general functionals for which we will give special names.

Any mapping F : extd(V) — A"V will be called an r-vector functional of
a (p,q)-extensor. In accordance to what was said above, the cases for which
Ft] belongs to R, V, /\2 V,... and A"V will be named respectively as scalar,
vector, bivector,. .. and pseudoscalar functionals of a (p, q)-extensor.

2.1 Induced Multivector Functionals

q q
Let F': /\ Vx.ox /\ V — A"V be any r-vector function of k g-vector vari-

k factors
ables. Take some k-uple of p-vectors (AL, ..., A¥).
Associated to F' and with respect to (A, ..., A¥) it is possible to construct
an r-vector functional of a (p, ¢)-extensor, say F(a1,... ax), given by

eth(V) St— f(Al,..‘,Ak)[t] € /\r V such that

Frar,.. anlt] = F[t(AY), ... t(AF)]. (1)

It will be called the r-vector functional of a (p, q)-extensor induced by F, relative
to (AY,... AF),

q
If F is differentiable on /\qV X oe X /\V7 then Fi 41, ax) is said to be

k factors
differentially-induced by F with respect to (A',..., AF).
In this way if F(a1 . a») is differentially-induced, then there must exist the
standard derivatives of F' with respect to each p-vector variable X', ... and X*
(the so-called partial derivatives of F), i.e., Ox1F,... and Ox+F, (see [6]).

IFor the best of our knowldge the only place where the concept has been rudimentary used
was in [1]. The concept has been used also in ([2],[3]).
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Associated to dx1 F,. .. and Oxx F with respect to (A, ..., AF) we can define
the following multivector functionals of a (p, ¢)-extensor:

extl(V) st — OxiF[t(AY),... . (A" e \V,

and

extl(V) >t Oxi F[t(A"),... . t(AF)] e A\ V. (2)

We see that they are induced by the partial derivatives of F with respect to
(AL, ... AF).

2.1.1 Directional Derivative

Take an arbitrary p-vector A. We introduce the A-directional derivative of the
differentially-induced r-vector functional F( 41, ax) as being the multivector
functional ‘7:(/A1,...,Ak)A given by

.....

ext(V) >t ‘F(/Al,_“’Ak:)A[t] € AV such that

,,,,,

k
Flar,...aralt] :Z A~ ATy FHAY), ... t(AP)). (3)

Note that the algebraic object just defined associated to F(41, . ax) has the
property of linearity with respect to the direction, i.e., for any o, € R and
A, Be N'V

Flar, avyaarssl] = aFan  amyaltl + BF(ar  anyplt], (4)
as expected to hold for a well-defined A-directional derivative of Fa1 . aky-.
2.1.2 Derivatives

Let ({ex}, {€*}) be a pair of arbitrary reciprocal bases of V. It is also possible
to introduce four derivative-like operators for the differentially-induced r-vector
functional F 41 . 4xy as the following multivector functionals *‘7:(/,41,...,,4’»') de-
fined by

1 . .

xFlar, anlt] = ﬁ(eﬁ A..elr)x ‘7:(/A1,...,Ak)ej1/\...ejp [t] (5)
1

= H(ejl N €jp) * ‘7:(/A1,..,,Ak)ej1/\...ejp [t], (6)

where * means either (A), (+), (1) or (Clifford product).
It should be noted that *]—'(’ AL, ARy ATC well-defined multivector functionals

of (p, q)-extensor only associated with F( 41 4») since, by taking into account
eq.(4), *F (41 ant] are multivectors which do not depend on the choice of

({ex}, {e"}).

.....



96 Multivector Functionals

Recall also that a straightforward calculation gives with the use eq.(3) that

k

1

*Flar _anlt] = H(eﬂl L)k (D (e N.ej) - AOxiF. L))
’ =1

|
M)~

H
==

(ejy Aooej) - AV AL e?P) x OxiF.. ]

Fla ol = ik Oy FIH(AY), ..., t(AR)]. (7)

'M?rﬁ'

Il
_

7

Eq.(7) shows explicitly that *}"(’ A1 ax) can be intrinsically defined without
using any pair of reciprocal bases of V.

The special cases: /\.7-'(’A17“_7Ak), ~}"(’A17___7A,€), J.F(Al AR and f(’A17.__7Ak)
(i.e., x* =Clifford product) will be called respectively the curl, scalar divergence,
left contracted divergence and gradient of F( a1 axy. Sometimes, -7:(/,41,...,,4%)
will be called the standard deriative of F(1 . ary.

We introduce now on the real vector space of differentially-induced r-vector
functionals of (p,q)-extensor the following four derivative-like operators 0, as
follows

O % Frar,.. am)t] = *‘7:(IA17...,A’C)M7 (8)
i.e., by eq.(7)
k
O % Far,..an[t] =) A" % Ox:Ft(AY), ... #(A")]. (9)
=1

The special cases: A, Oy, O¢a and 9y (i.e., x =Clifford product) will be called
respectively the (functional) curl, scalar divergence, left contracted divergence
and gradient operator. Sometimes, we will say that 0, is the standard derivative
operator with respect to t.

O /\f(Al""’Ak) [ﬂ, Ot '.F(Al’.“’Ak) [t], atJ]:(Alw',Ak) [t] and 8t]:(A1,...,A’9) [t] (i.e.,
x =Clifford product) will be named respectively as the curl, scalar divergence,
left contracted divergence and gradient of F( 1 . ary. The gradient of F41 . ax)
will be called the standard derivative of Fa1,  axy with respect to t

It is still possible to define the noticeable derivative-like operator A - 9, as
follows

1 .
A-at]:(Al,.”’Ak)[t] = (A Heﬂ /\"'ejp)f(/Al,“.,A’“)Ejl/\.A.ij [t] (10)
1
= (4 ﬁejl A ejp)]:(/Al ..... AF)el1A...elP [t], (11)

i.e., by eq.(4)

A0 Far . amlt] = Flar  awyalt] (12)

Eq.(12) means that A - 9; is the A-directional derivative operator which maps

.....
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It is often convenient when doing calculations to employ some abuses of
notation for simplifying the handle of the fundamental formulas. Thus, egs.(3)
and (9) will be usually written

k
Z A Ay 4 FH(AY), ... t(AP)],  (13)
k
Op  FIH(AY), .. t(AF)] = > A w0y F[HAY), ... t(AR)].  (14)

i=1

A0, F[t(AY), ... t(AF)]

No confusion arises since A - 0; and 0;* denote derivation of r-vector functional
with respect to (p, g)-extensor ¢, and 04y holds for derivation of r-vector func-
tion with respect to g-vector t(A?).

It should be noted that by employing the abused notation we can re-write
egs.(5) and (6) as

Ge ] = %!(ejlA“-e"p)*(ejlA.--ejp>-atF[...] (15)
= I%!(ejl/\...6jp>>k<ej1/\.._ejp).atF[“.]. (16)

2.1.3 A-Directional Derivation Rules

Proposition 1 Take a real N\ and a multivector M. If t — F[t(AY),...,
t(AF)] is any differentially-induced r-vector functional of a (p,q)-extensor, then
A-0,(\F[...]) = MA-O,F..], (17)
A-O(F[...]JM) = (A-0F[...])M. (18)

Proof. It follows directly from eq.(13) by using the derivation formulas: dx: (AF(...

My F(...) and dx: (F(..)M) = (9x: F(...))M.m
Theorem 2 Let t — F[t(AY),...,t(A")] and t — G[t(AY),... t(A¥)] be any

two differentially-induced r-vector functionals of a (p, q)-extensor.
The addition t — (F + G)[t(AY),...,t(A¥)] is a differentially-induced r-
vector functional of a (p, q)-extensor and the following rule holds

A-0(F+G)...]=A-0,F[..]+ A 0Gl|..] (19)
Proof. As we can see, it is an immediate consequence of the derivation rule

Theorem 3 Let t — ®[t(Al),...,t(AF)] and t — G[t(AY),... t(A")] be any
differentially-induced scalar and r-vector functional of a (p, q)-extensor, respec-
tively.

The scalar multiplication t — (®G)[t(AY),. .. t(A¥)] is also a differentially-
induced r-vector functional of a (p, q)-extensor and we have

A-8,(BG)]...] = (A 8,9.. )G[..] + ®...]A- &G ]. (20)
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It is rightly a Leibnitz-like rule.
Proof. As the reader can easily prove, eq.(20) is an immediate consequence of
the derivation rule Oxi(PG)(...) = (Ox:i®(...)G(...)+
O(..)0x:G(...).

Theorem 4 Let t — W[t(AY), ..., t(AF)] and X — ¢(N\) be any differentially-
induced scalar functional and a derivable ordinary real function, respectively.
Then, t +— ¢(U[t(AY),... t(A®)]) is a differentially-induced scalar functional
and the following rule holds

A 06U ]) = ¢ (U[.. A - 8,V[.. ]. (21)

It is an interesting and useful chain-like rule for A-directional derivation of
a special type of scalar functionals.
Proof. Eq.(21) follows easily from eq.(13) by taking into account the derivation
rule Oxipo U(...) =¢ o U(...)0x:¥(...). m

3 Examples

Example 5 Let h € ext}(V) and take a,b,c € V. Then,

a- Op(h(b) - h(c)) = a-bOhw)(h(b) - h(c)) + a- cOp()(h(b) - h(c))
= a-bh(c)+ a-ch(b),
a-Op(h(d)-h(c)) = h(a-bc+a-ch). (22)
Also,
a-0p(h(b) ANh(c)) = a-bdyw)(h(b) Ah(c)) +a- cOpe(h(b) Ah(c))
= a-b(n—1)h(c) —a-c(n—1)h(d)
= (n—1)h(a-bc—a-ch),
a-Op(h(b) AR(c)) = (n—1)h(as(bAc)). (23)

In egs.(22) and (23) we have used the derivative formulas 0,(x - y) = y and
Oz (x Ay) = (n — 1)y, where n is the dimension of V.

The second formula developed in this example has an interesting and useful
generalization, which is:

The a-derivative of the k-vector functional ezt (V) 3 h +— h(a' A...d") €

/\kV7 with a',...,a* € V, is given by
a-Oph(a* A...a") = (n—k+1)h(as(a* A...d")). (24)

Example 6 Let h € exti(V) and take b € V.
We shall calculate a-0,h(b) and a-O,h' (b). And, also O *h(b) and O *h'(b).
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First, we have
a-Oph(b) = a-bduuph(b) = (a-b)n,
a-Oph(b) = n(a-b), (25)
where we used the derivative formula 0,z = n. Thus,
On * h(b) = €’ xe; - Oph(b) = el xn(e; - b) =b*n,
ie.,
Op ANh(b) = 0Oph(b) =nb,
Op - h(b) = 0Opsh(b)=0.
Now, by employing a trick we have
a-OphT(b) = a-Op(hi(b) -elej) =a- (b h(el)e;).
Thus, by using eq.(18)
a-opht(b) = (zn: a- € Opeinb-h(e)))e; zi a-ebdle;,
i=1 i=1
a-Opht(b) = ba, (26)
where we used the derivative formula 9, (b - z) = b. Thus,
On * hi(b) = e xe; - Opht(b) = & * (bej).
It follows that
OARI(D) = e A(b-ej)+el AbAej) =b.
On-hi(b) = e -(b-ej)+el-(bAej)=0.
Onaht(d) = ela(b-ej) +elubAe;) = (2 -bej — (7 -ej)b= (1 —n)b.
onh't(b) e/ (2ej - b—e;b) = (2 —n)b.

Example 7 Let t € ext}(V). The trace of t, i.e., t — tr[t] = t(e?) - e;, is
a scalar functional and the bivector of t, i.e., t — biv[t] = t(e?) Aej, is a
bivector functional, both of them associated to t. We shall calculate a - Ostrt]

and a - Obiv[t]. And, also Oy * tr(t] and Oy x bivl[t].

First, we have

a-Ogtrlt] = Z a- €Oy (t(e?) - e;) :Z a-e'dlej,
i=1 i=1

a-Ogtrlt] = a.
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We have used once again the derivative formula 0, (z - y) = y. Hence,
O+ tr[t] = el x ej - Optr[t] = €’ xej,
ie.,

('9t AN t’l"[t} = 0,
O - trlt] = Opatr[t] = Outr[t] = n.

Now, we have also

a- Obiv[t] = Z a- €Oy (t(e?) Aey) :Z a-e(n—1)de;j,
i=1 i=1
a-obiv[t] = (n—1)a, (28)

where we have used once again the derivative formula 0,(z A y) = (n — 1)y.
Hence,

O * biv[t] = (n — 1)e? * e;,
ie.,
8t N bZ’U[t] = O7
O - biv[t] = Opabiv[t] = dbiv]t] = (n — 1)n.

Example 8 Let h € ext}(V) and take a non-zero I € \" V. We shall calculate

the a-directional derivative of the pseudoscalar functional h — h(I), i.e., a -
Oph(1).

By employing one of the expansion formulas for pseudoscalars (see [4]),
eq.(17) and eq.(24) we have

a-Oph(I) = a-Opl-(exN...ep)h(e” N...e")
= T-(e1A...en)a-Oph(e' A...e™)
= T-(exA...en)hlas(e A...e™)),

a-Oph(I) = h(as) = h(al). (29)

Example 9 Let h € ext}(V) and take a non-zero I € A"V. The determinant of
h, i.e., h — det[h] such that h(I) = det[h]l, is a characteristic scalar functional
of h. We shall calculate a - Oy, det[h] and Oy, * det[h].

By employing eq.(18) and eq.(29) we have
a- 0y det[h] = (a-Oph(I)I~ = h(al)I™ .
But, by taking into account the extensor formula h~!(a) =
det 7 [R]AT ()T~ (see[5]) and recalling that det[ht] = det[h] and h* = (hT)~! =

(h=1)T we get
a - Oy det[h] = det[h]h*(a). (30)
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Hence, it follows that

Op * det[h] = e % e; - Oy, det[h] = det[h]e? * h*(e;),

On ANdet[h] = —det[h]h*(e;) A el = det[h]biv[h ™).
O -detlh] = Opadet[h] = det[h]h~"(e?) - ¢; = det[h]tr[h™"].
Opdet[h] = det[h]e’h*(e;) = det[h](tr[h '] + biv[h™1]).

3.1 An Enlightening Discussion

Let us consider for example a differentially-induced scalar functional of (1,1)-
extensor t — ®[t(a')]. We have the possibility for constructing a differentiable
scalar function of n X n real variables
(tlla N 7t1n; ce ,tnl, N ,tnn) = (I)(tlla . 7t1n7 ce 7tn17 PN 7tnn); defined by

~

(I)(tn, e ;tlna e 7tn1, e ,tnn) = @[tij(al . ei)ej] (31)

where t;; = t(e;) - €; are the n x n matrix elements of ¢ with respect to {ex}.

Eq.(31) shows that all information just contained into the classical real func-
tion (t11, ... tnn) — (/I\)(tu, ..., tnn) whose real variables are t,4, is also codified
into the scalar functional ¢ — ®[t(al)].

We shall search for the relationship which exists between the ordinary partial
derivatives of ®(...) with respect to each tensor covariant component?® t,, and
the a-directional derivative of ®[...].

By using Oy, (x(A1, ..., Ag)) = Ox,x(A1, ..., Ak) 0. P(x (A1, ..., \g)), a chain-

like derivation rule, we may write

87(1)(t11a s 7tnn) = 615 (tij(al : ei)ej) ) 69:(1)[tij(a1 : ei)ej}
Otpq pa
= 6%9(a1 el)ed - 8,5((11)<I>[75(a1)]7
D2 (s tan) = (0 )t Dy @), (32)
Otpq

Now, Clifford multiplication by (a-e,)eq (and summing over p,g) on both sides
of eq.(32) yields

0P
(a ep)eqy(tlh cstnn) = (a-a')ege? - By @[t(a)]
pa

= a-a'Oya)®[t(a)],

(a- ep)eq;i(tlh constan) = a-0:®[t(al)]. (33)

2They are the n X n covariant components of a 2-tensor T in biunivocal correspondence
with the (1,1)-extensor ¢, see [5], i.e., Tpq = T'(ep,eq) = t(ep) - €q = tpq-
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P
That is the required result relating both a—(tu, ooy ton) and a - 0, ®[t(al)].

Otpq
. . N o
It is still possible to find a relationship between W(tn’ ..oy tpn) and the
Pq
x-derivatives of ®[t(al)]. From eq.(32) we have
0%
ep * (ean(tll’ constan)) = at x (ege? - at(al)fb[t(al)])
pq
= a" * Oy @[t(a")],
0
ep * (eqat—(tn7 coistnn)) = O x ®[t(a)]. (34)
Pq

o
That is the expected identity which relates both 8T(tu’ ooy tun) and Oy *
Pq
Dt(al)].

4 Conclusions

In this paper we introduced the key concepts of a theory of multivector function-
als. We studied several aspects of the notion of derivative that can be applied to
these objects, as e.g., the A-directional derivatives and the generalized concepts
of curl, divergence and gradient. We worked in details several examples where
we calculate different types of derivatives for multivector functionals. It is worth
to said once again that these objects play a decisive role in the development of
a Lagrangian formalism for extensor fields as it will be seen in two future series
of papers: geometric theories of gravitation and Lagrangian formulation of the
multivector and extensor fields theory.
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