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Abstract. In this paper, the concepts of Lorentz inner product with (p, q) form, the
Lorentz space and the Lorentz transformation with (p, q) form are given by using
Clifford algebra. It is shown that L% is the Lorentz transformation with (p, ¢) form,
and the matrix equality relation of Minkowski space with (n — 1,1) form is given.
The examples are given to illustrate the corresponding results.
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1. Introduction

Clifford algebra was founded by the British mathematician W.K. Clifford in
1878. It has been applied widely in maths, physics and engineering technology
fields etc. In this paper, by means of the concepts of Lorentz inner product with
(p, q) form, the Lorentz space and the Lorentz transformation with (p, ¢) form,
LP4 is considered. The result shows that L£:? is the Lorentz transformation
with (p,q) form. The corresponding results in references [2]-[5] become the
special cases in this paper.

2. Definitions

Definition 2.1 Define a real function with two variables on the vector-plane
R"™, and denote < a,b >;. < a,b >, is the Lorentz inner product with (p, q)
form on the vector-plane R", if the following properties hold, that is
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(1) <a,b>r=<Db,a>
(2)<Ada,b>r=A<ab>p
(3)

(4)

3)<a+b,c>=<a,c>; +<b,c>p
4) there exist base-vectors e, es, - - -, e, such that
Li=7<p
<e,e;>p=¢ —lL,p<i=j<p+q
0, i # J.

for all a,b,c e R* A e R,0<p,q<n,p+q=n.

Definition 2.2 A space is defined as Lorentz space, if it keeps the Lorentz
inner product.

Definition 2.3 For an arbitrary vector oo = (21, %2, -+, Tp, Tp+1, -, Tn) € R,
the transformation that keeps z§ + 23 + -+ + 22 — a2, | — - — x is called
Lorentz transformation with (p, q) form.

3. Cl, 4(n=p+ ¢) and the Lorentz Transformation with (p,¢) Form

A basic vector system eq, ez, -, €p, €pt1,- -, ey of Clifford algebra Cl, ,(n =
p + q), under the Clifford product and dot product satisfy:

L 1<i=j<p;

ee; = -Lp<i=j<m
—€je,;, i?'éja
<eje; > {Ep 0 ]
e >p= ]
I O —E,

Create an n-dimensional (n = p + ¢) Minkowski space with (p,q) form. The
space is denoted by M, , = {r + b}, for r = (z1,22,---,z,) and
b = (xp—‘rla xp+27 e 7xn)'

Definition 3.1 An arbitrary vector w =r + b € M, 4, its conjugate vector is
defined as w* =r — b.

Let the multiplication operation over M, , be

(r1+0b1) (r2+b2) =21y1 + -+ TpYp — Tpr1Yp+1 — " — Tnln
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According to its multiplication operation, the norm of vector w is defined as
o(w)=|w- w|%
LeiMlij = {r+blo(b) > o(r)} , M, is said to be a future timelike region of
pq’
Define a multiplication operation on M; ¢

O I W]O0OWq = (1'1 +b1)0(r2+b2) = J(bl)r2+0(b2)r1+(r1'r2 -I-J(b]_)d(bz))E

for E is a ¢g-dimensional unit vector, then M, , is an n-dimensional real alge-
bra, but it is not space-time algebra under the operation o .

Hence, by using the norm and the binary operation o, we introduce a binary
operation over M, , as that follows:

®:w; Owy = (1‘1 + bl) ® (I‘Q + bg) = (I‘l + b1> o (r2” + bg) + O'(Wl)I‘QJ_

Theorem 3.2 For all m € M} (n=p+q), let
Lyt MY — M m—-m"ow

p,q’

for o(m) = 1, then L2? is the Lorentz transformation with (p,q) form of
Minkowski space with (p, ¢) form.

Proof: Denote m=r+b,w=r+b;,w =r+ Db’
Let w = —m* ©w, for all m,w,w’ € M*_ o(m) =1, by the definition of ®,

i P
we obtain

r' =o(b)ry —o(by)rm +ry,

b’ = (0(b)o(by) — 1, - 1)) E

Since rj = (v, - r)r/r2,,r; = r —r), then the Lorentz transformation with
(p, q) form holds . That is

(b') - (') = b? — 12,
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4. Examples

Example 4.1 When p = ¢ = 1, for any m € M = {z + jct € My | ct > |x|, if
and only if when x = 0, the equality sign is correct}, then L1:! is the Lorentz
transformation with (1,1) form.

Example 4.2 When p = 3,q = 1, for any m € M = {r + jct € My | ct >
o(r)}, then L3;! is the Lorentz transformation with (3,1) form. This transfor-

mation is Lorentz transformation in physical problems of special relatively.

Example 4.3 When p=n—1,g=1,forany m € M;f = {r+jct € M,, | ct >
o(r)}, then L% 11 is the Lorentz transformation with (n — 1,1) form.

Proof: Denote m =r,, + jct,w =r + jct;,w' =1’ + jct.
Let w' = —m* ® w, for all m,w,w’ € M.

By w1 ©® wa = (r1 + jct1) o (ro) + jetz) + o(wi)ras

we obtain

v =clr) — ctirm 1o, ct = Aty — Ty - r|

then we have

(cty)? = (r')* = (ct1)? — 1%

Similar to the proof of Example 3, Example 2 can be obtained.

If we denote m = j(chf + jrshf), by 19 = Im r = (1 - ﬁ)%, we obtain

c2

vr
v/ =r(rp—vt)+r,t' =r(t— 6—2)

Let v = (vy,v2, - +,vn_1), then we have
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xll = (1 + (7’ — 1)52 ).’El + (T — 1)’0;32 To + .-+ (/r — 1)1)123711'7171 — T'Ult
2
ay=(r—1)42e + 1+ (r—1)%3)ae+-+ (r—1)2% 20, —rost
x, = (r—1)28="2e + (r— 1) 28—,
2
o (L4 (r = 1) 25 2 — rvp_1t
t/:—r%—r%_ "——T%ﬁ-Tt
Its corresponding matrix form is
-
4
Ty
| jet’
L+ (=% (r-1)up R i
2 .
(r—1)%%2 1+(r—-1)% (r—1)=s= —r To
(r— 1)t (r— 1)220=1 (14 (p— 1)) gt MU | ) e
rjvi rjug rjUn—1 jet
- (& (&3 (& r
where
2 .
O e ot o
2 .
(-DEE 1HE-DE e (o e
A=
2 .
(r=1D25= (r—1)25= - (14 (r— 1) =gt -2t
_riv Tjve . _TiVn—1 r
(& (& C

and A satisfies AAH = E

where A is the transposed conjugate matrix of A; F is a unit matrix.
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