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Abstract. Systems of hypercomplex numbers, which had been studied and devel-
oped at the end of the 19*® century, are nowadays quite unknown to the scientific
community. It is believed that study of their applications ended just before one of
the fundamental discoveries of the 20*® century, Einstein’s equivalence between space
and time. Owing to this equivalence, not-defined quadratic forms have got concrete
physical meaning and have been recently recognized to be in strong relationship with
a system of bidimensional hypercomplex numbers. These numbers (called hyperbolic)
can be considered as the most suitable mathematic language for describing the bidi-
mensional space-time, in spite of some unfamiliar algebraic properties common to all
the commutative hypercomplex systems with more than two dimensions: they are
decomposable systems and there are non-zero numbers whose product is zero. With
respect to the famous Hamilton quaternions, one can introduce the differential calcu-
lus for the hyperbolic numbers and for all the commutative hypercomplex systems;
moreover, one can even introduce functions of hypercomplex variable.

The aim of this work is to study the systems of commutative hypercomplex num-
bers and the functions of hypercomplex variable by describing them in terms of a
familiar mathematical tool, i.e. matrix algebra.
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1. Introduction

It is well known that the application of the complex numbers to the solution
of scientific problems goes beyond their algebraic introduction. As examples,
we cite the use of complex variables for representing vectors in a plane and the
use of functions of a complex variable to solve Laplace’s equation [1]. Hamilton
introduced non-commutative quaternions for representing vectors in the three-
dimensional space [2].

As far as hypercomplex numbers are concerned, we can introduce functions
just for commutative systems [3]. In these systems, however, there are non-zero
numbers whose product is zero [3], a property which is not found for real and
complex numbers. Moreover, systems of hypercomplex numbers can be decom-
posed into subsystems of real and complex numbers [3]. For these reasons, the
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theory of functions of hypercomplex numbers was not developed. However, in
modern times it was recognized that a special kind of hypercomplex numbers
— the hyperbolic numbers — can be regarded as the “mathematics of Special
Relativity” [4, 5] and a physical meaning has been attributed to functions of hy-
perbolic variable [6]. Such applications of hyperbolic numbers, and other ones
[7, 8], make us thrust that similar applications can be found for commutative
hypercomplex numbers [9].

The aim of this paper is to study hypercomplex systems by using matrix
algebra, which is well known to the scientific community. This formalism not
only allows finding the algebraic properties of hypercomplex numbers, but it
also lets us to introduce the theory of functions and differential calculus for
hypercomplex systems.

The paper is organized in the following way: in Sections 2.1 and 3, the ma-
trix formalism is associated with hypercomplex numbers. In Section 3, the alge-
braic properties of systems of hypercomplex numbers are outlined. In Sections
4 and 5, the functions of hypercomplex variable and the differential calculus
are eventually introduced.

2. Mathematical Operations

In order to build a coherent theory of hypercomplex numbers based on their
matrix representation, let us start with some important definitions and prop-
erties relative to the mathematical operations among these numbers.

2.1. PRELIMINARY CONSIDERATIONS

Let us introduce an N-dimensional hypercomplex number as a column vector,
whose entries are the components of the number. If x is the hypercomplex
number [3]:

N-1
X = Z Trek , (21)
k=0

where z; € R (R is the set of real numbers) are called the components of x
and e are the unit vectors along the N dimensions. In matrix representation,
we can write x in its matrix form

Zo
Z1

ITN-1
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and the unit vectors, that we will call natural unit vectors, as

1 0 0

0 1 0
€y = . > €1 = . , ) en-—-1 =

0 0 1

Equation (2.2) defines the matrix representation of x.

Hereafter, when unnecessary, we will not distinguish between hypercomplex
numbers and their matrix representations. Moreover, we will label the set of
N-dimensional hypercomplex numbers with the symbol Hy and use the term
H-number as a shorthand to hypercomplex number.

2.2. EQUALITY, SUM, AND SCALAR MULTIPLICATION
2.2.1. Equality of two hypercomplex numbers

Two H-numbers are equal if all their components are equal, one by one. One can
verify that such a definition is an equivalency relationship, because it satisfies
the reflexive, symmetric, and transitive properties.

2.2.2. Sum and difference of two hypercomplex numbers

As in the for column vectors, the sum of two H-numbers is defined by summing
their components. The result is an H-number.

By exploiting the above introduced matrix representation, one can verify
that the sum operation is both commutative and associative. The column vec-
tor with all zero components, indicated with 0, is the null element for the sum,
which we name as zero. With respect to the sum, the inverse element of x is
—x, which is defined as having all its components changed in sign with respect
to the components of x. Therefore, (Hy,+) is an Abelian group.

In analogy with the above definition of sum, the definition of difference
between H-numbers can be stated as the difference between column vectors.

2.2.8. Multiplication of a real number by a hypercomplex number

In agreement with the multiplication of a scalar by a matrix, the multiplication
of a € R by x € Hy is an H-number, whose components are the components of
x multiplied by a, one by one. Because of commutativity in the multiplication
of two real numbers, the product of a by x can be indicated with ax or xa.
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2.3. PRODUCT AND RELATED OPERATIONS
2.3.1. Multiplication of two hypercomplex numbers

Before defining the multiplication between H-numbers, let us introduce the
multiplication of the natural unit vectors ey (k =0,1,..., N—1) by anyy € Hy
as

er -y = Awy, (2.3)
where Ay, is a proper N x N matrix, and the operation in the right-hand side
of Eq. (2.3) is the well known multiplication of a square matrix by a column
vector. Note that Ay is a column vector with real components, therefore it is
a H-number as well. The representation introduced in Eq. (2.3) of the product
of a unit vector for a hypercomplex number gives the same results as the
multiplication by means of the structure constants [3] if the following relation
holds for all the elements of the matrices Ay:

(Ak)zj = Clij"

The multiplication between two H-numbers, x and y, can be conveniently
defined by applying Eq. (2.3) to Eq. (2.1). It ensues:

N—1 N—1
x-y=Y ager-y= Y zx(Apy). (2.4)
k=0 k=0
One can verify that if
(Ak?)ij = (Aj)ik7 (2.5)

is true, then the multiplication between H-numbers, defined with Eq. (2.4),
is commutative. Hereafter, we will consider only multiplication-commutative
systems of H-numbers, for which Eq. (2.5) is true.

Equation (2.4) can also be written as

Xy =M(x)y, (2.6)

where the matrix M(x) — whose dependence on x has to be understood as an
explicit dependence on the components! of x, and we write M (x) instead of
M(zg,x1,...,2n-1) for the sake of brevity — is defined as

N—-1
M(x) =) wp A (2.7)
k=0

L That is, M is not a function of x, but is a function of its components.
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and is called associated matriz of the hypercomplex number x. The matrix
M(x) is the transposed matrix of the characteristic matrix considered in Ref.
[3].2 Because Eq. (2.5) is assumed as true, one can alternatively write

x-y = M(y)x (2.8)

instead of Eq. (2.6).

Now, let us state the conditions for existence of the neutral element for the
multiplication between H-numbers. We will name such an element as the unity
of Hy, and indicate it with the symbol 1. By definition, for any x € Hy,

1. x=x (2.9)

must hold true. Therefore, if 13 are the components of 1, by applying Eq. (2.4)

one finds
N—

Z 1o Apx = x. (2.10)

k=0

[

Because Eq. (2.10) must hold true for any x, the following condition of exis-
tence of the Hy unity is found:

Z 1.A, =T, (2.11)

where 7 is the identity N x N matrix. Hereafter, we will assume that this
condition of existence of the H unity is satisfied — we will see later, with some
examples, that the unity actually exists for the Hy systems we will consider.
Now, let us demonstrate that the unity 1 is unique.
Proof — Let us suppose that another unity, 1/, exists in Hy. In such a case,
both
1-17=1and1-1=1

should hold true. Because of multiplication commutativity, one concludes that
1’ = 1. Thus, it is demonstrated that 1, if it exists, is unique. O

% Let us explain the reason for these different formalisms. In Ref. [3], the char-
acteristic matrix has been introduced in the study of the linear system defining the
division. As a consequence, the hypercomplex numbers must be row vectors. In this
paper, the hypercomplex numbers have been introduced, following the convention of
linear algebra, as column vectors. Thus, the associated matrix is the transpose of the
characteristic matrix.
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2.8.2. Inverse element for the multiplication

Given a x € Hy, the inverse element for the multiplication is that H-number,
x~ ! that satisfies

x-x 1=1. (2.12)

Since
x-x 1= M(x)x1,

the inverse element exists only if the determinant of M(x) — let us call it the
characteristic determinant [3] — is non-zero, and one gets

x =M1t (x)1, (2.13)

where M~1(x) is the matrix inverse of M(x). Because 1 is unique and the
matrix inverse is univocally defined, Eq. (2.13) states also that if the inverse
element exists, it is unique.

Equation (2.13) implies that, for any y € Hy, the following equation holds

xt.y= M_l(x)y.

Therefore,
M(x™H = M H(x). (2.14)

Moreover, because Eq. (2.12) leads to
()(1)_1 =x,
by taking into account Eq. (2.14) one gets
MY xT) = M(x).

One further property is

(x-y)t=x"tyTh
Taking into account commutativity, this relation is the same one that holds
for square matrices in matrix algebra.
Furthermore, by applying Eq. (2.12) one can verify that the inverse element
of 1is 1 itself, i.e.
171 =1.
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2.8.3. Other properties of the multiplication

The multiplication between H-numbers satisfies the distributive property with
respect to the sum, i.e.

(x+y)-z=%x-z+y- 2.

Proof — As a matter of fact, the k™ component of x +y being equal to zj + s,
one gets from Eq. (2.4)

N—1 N—1 N—-1
(x+y) z= (xk+yk)Akz:Z:ckAkz+ZykAkz:x~z+y~z. O
k=0 k=0 k=0

Now let us demonstrate a fundamental property: the commutative H-numbers
are associative.
Proof — As a matter of fact, given x,y,z € Hy, by taking into account com-
mutativity and the above-demonstrated distributive property, it ensues

N-1 N-1 N-1
(x-y)z=2z(xy) =1z (Z xku“kb’) =Y wmz Ay = Y wrznAnAry

k=0 k=0 k,n=0

N-1 N-1 N-1
x-(yz)=x(z'y) =x- (Z znAny> = ZnX-Apy = Z T 2n A ARy -

n=0 n=0 k,n=0

Therefore, because the matrices Ay satisfy
A A, = Ap Ay (2.15)

for any k,n=0,1,..., N — 1, as it follows from ey - e,, = e, - e, the associative
property
(x-y) z=x-(y-2)
is demonstrated. O
Another property that can be easily verified is

x-0=0.

2.8.4. Division between hypercomplexr numbers
Given two H-numbers, x and y, with det[M(y)] # 0, let us define the division
of x by y as the product of x by the inverse element of y, i.e.

X ~1
—=x-y . 2.16
v (2.16)
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It is easy to verify that

Moreover, as one can verify, many of the rules of fraction algebra of real num-
bers can be extended to H-numbers. Among them, we report:
1  y
x/y x’
X1 X9 o X1 - X2 .

Y1 Y2 Y1'Y2’
ﬁ+§:X1'YQ+X2'Y1
Y1 Y2 yYi-Y2 '

In the above identities, the non-singularity of the associated matrices with
H-numbers that appear in the denominators is assumed.

2.83.5. Divisors of zero

Before, we have seen that the inverse element of y for the multiplication is not
defined if det[M(y)] = 0 and that, in such a case, the ratio x/y cannot be
defined. An H-number y # 0, whose associated matrix M(y) is singular, is
named divisor of zero.

The reason for such a name is explained in the following. Let us consider,
in the domain of H-numbers, the equation

xy=0 (2.17)

in the unknown x, where x,y # 0 and y is a divisor of zero. The equation can
be rewritten in its equivalent matrix form:

M(y)x=0. (2.18)

In matrix language, the above Eq. (2.18) represents a homogeneous system of N
equations with N unknowns, xg, 1, ..., zy—1. Because M(y) is singular, i.e. its
determinant is zero, it is a well known result that the above system of equations
admits infinite non-zero solutions x. Stated in H-number terms, because y is a
divisor of zero, a numerable infinity of non-zero H-numbers x exists that satisfy
Eq. (2.17). This means that two (proper) non-zero H-numbers can have zero
product, something that never happens for real or complex numbers.
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In such a case, we will say that the two H-numbers, x and y, are orthogonal.
The set of non-zero solutions x to Eq. (2.17), indicated as Ly, will be named
as the orthogonal set of y. Equation (2.17) can also be formally written as

0
x=—=#0,
y

from which the reason of the name divisor of zero is explained for y.
Formally, Eq. (2.17) could also be written as

y=—.

x
One can wonder if the above equation makes sense. If it does, a direct impli-
cation is that x, which is a non-zero solution of Eq. (2.17), is a divisor of zero
as well.
Proof — An equivalent matrix form of Eq. (2.17) is

M(x)y =0. (2.19)

Because y is a divisor of zero, and therefore y # 0, Eq. (2.19) implies det[M (x)]
= 0, thus also x is a divisor of zero. This demonstrates that all the elements
of Ly are divisors of zero. O
As a special case, let us demonstrate that 1 is not a divisor of zero.
Proof — If 1 were a divisor of zero, then at least one x ## 0, which is not a
divisor of zero, would exist such that
x-1=0

7

something that contradicts the definition of 1. O

To conclude, one can verify that if x is a divisor of zero and y is any non-
zero H-number such that y €1, then also x -y and x/y are divisors of zero
(in the latter case, y is assumed to be not a divisor of zero).

2.83.6. Power of a hypercomplexr number

Given any integer n > 0, the n*® power of the H-number x is defined by
multiplying x by itself n times. Being

x=x-1=M(x)1,

one gets
x" = M"(x)1, (2.20)
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where M"™(x) indicates the power of a matrix. Conventionally, we set
x’=1.
Equation (2.20) can be viewed as the actual definition of power. It can be
formally extended to negative-exponent powers — only for non-zero H-numbers
which are not divisors of zero — with

x "= (xfl)n = M"(x)1,

where M~"(x) means

Under proper conditions for the determinants of the involved matrices, one
can verify that many of the known properties that hold true for real numbers
can be extended to H-numbers. Among them, we report:

0" = 0; 1" =1;

These properties can be demonstrated by taking into account

M(x-y) = M(x)M(y) (2.21)
and
M (y) = MM (y). (2.22)

Proof — As a matter of fact, given another arbitrary H-number, z, by exploiting
the associativity of H-numbers one has

M(x-y)z=(xy)z=x(y 2z)=x M(y)z=Mx)My)z,

from which Eq. (2.21) follows. Equation (2.22) can be similarly demonstrated. O
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2.4. BIDIMENSIONAL HYPERCOMPLEX NUMBERS AND COMPLEX NUMBERS

As an example, let us consider bidimensional H-numbers. When N = 2, the
generally defined H-number, z, is

z= (;) , (2.23)

and its associated matrix, which is the transpose of the characteristic matrix

[3], is defined as
M[(;)]:<zxiyﬂy> (2.24)

where a and ( are real numbers.

Now, let us verify that the bidimensional system of H-numbers defined by
Eq. (2.24) is multiplication-commutative, multiplication-associative, and that
the multiplicative unity exists.

Proof — The matrices Ag and A;, associated with the natural unity vectors,
eo and eg, can be obtained from Eq. (2.24) by setting in it (z,y) = (1,0) and
(z,y) = (0,1), respectively. They are

A0=<(1)(1)> and Alz(?g). (2.25)

It can be easily verified that Ag and A; satisfy Eq. (2.5), thus the commuta-
tivity of multiplication is demonstrated. Moreover, since Ay = Z, where 7 is
the 2 x 2 identity matrix, Eq. (2.15) is satisfied, thus the multiplication is also
associative. Regarding the multiplicative unity, it can be verified that

1—ep= <(1)> (2.26)

satisfies both Eq. (2.9), because M(1) = Z, and the existence condition, Eq.
(2.11). O

Now, let us see how the parameters o and 3 feature the above-introduced
bidimensional system of H-numbers. The characteristic determinant of z is:

det[M(z)] = 2* + By — ay®. (2.27)

Setting it equal to zero, gives a second order algebraic equation in the unknown
x, whose solutions are

-0+ VA

r=——

5V (2.28)
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where A = 32 4 4a. The three main classes of bidimensional H-numbers are
distinguished according to the value of A [10, 11]. The first class is that of
the elliptic H-numbers, for which A < 0; in this case, Eq. (2.28) gives no real
solution, and therefore there are no divisors of zero. The second class is that of
hyperbolic H-numbers, for which A > 0; in this case, the two solutions given by
Eq. (2.28) represent two sets — two intersecting straight lines in the (z, y)-plane
— of divisors of zero. The third class is that of parabolic H-numbers, for which
A = 0; in this last case, the only set of divisors of zero is described by the
equation x = —fy/2, which is a straight line (that becomes the y Cartesian
axis for § = 0). The names of these three classes come from the geometrical
figure of the conical curve described by Eq. (2.27) [11].

When f = 0 and a = £1, 0, the above three classes are further labelled
as canonical [10, 11]. Standard complex numbers Z, often indicated as z =
x+1iy € Z, i = /—1 being the imaginary unit, are the canonical elliptic H-
numbers (« = —1 and § = 0). In this case, the usual imaginary unit, i, is found

to be
iel((1)>. (2.29)

This means that in our matrix representation of z, see Eq. (2.23), when it is
applied to standard complex numbers, x and y coincide with the usual real
and imaginary parts of the number, respectively.

3. Properties of the Associated Matrix M

The associated matrix M(x), that was defined in the previous Section, covers
a fundamental role in the definition of H-numbers and their operations. Let us
explore the main properties of this kind of matrix, before going on with the
study of H-numbers. Some of these properties will allow us to introduce the
functions of an H-number.

3.1. ALGEBRAIC PROPERTIES

Let us list the main algebraic properties of associated matrices. Some of them
had been already introduced in the previous Section. The rather easy demon-
strations are left to the reader.

M(0) = O; M(1) =T; (3.1)

M(ax + by) = aM(x) + bM(y); (3.2)
M(x-y) = M(x)M(y);



196 Commutative Hypercomplex ... F. Catoni, R. Cannata, E. Nichelatti and P. Zampetti
M ") = M"(x). (3.3)

In Eq. (3.1) O and 7 are the all-zero N x N matrix and the identity N x N
matrix, respectively; in Eq. (3.2) a,b € R, x,y € Hy. In Eq. (3.3), n is an
integer and when n < 0, x is assumed to be neither 0 nor a divisor of zero.

3.2. SPECTRAL PROPERTIES

Let us consider the eigenvalue problem for the matrix M(x), associated with
the H-number x:

M (x)ug(x) = Ao (x)ug(x) - (3.4)

Here, ug(x) € Hpy. As for M(x), also for the scalar — real or complex —
eigenvalues A\, (x) and eigenvectors uy(x) the dependence on x should be rather
meant as a dependence on the components of x.

The eigenvectors ug(x) are divisors of zero.
Proof — As a matter of fact, one can write Eq. (3.4) also as

[x — Ap(x)1] - ug(x) = 0.

Because
det [M(x) — A\g(x)Z] = det {M [x — A\p(x)1]} =0

must hold true, x — A;(x)1 is a divisor of zero;* moreover, uy(x) €Lyx_x, (x)1-

Because all the elements of 1y_», (x)1 are divisors of zero themselves, it is
demonstrated that ug(x) is a divisor of zero. O

If Eq. (3.4) admits N distinct eigenvalues, then the corresponding eigen-
vectors are mutually orthogonal, i.e.

ug(x) - u,(x)=0 (3.5)

for k # n.
Proof — As a matter of fact, as Eq. (3.4) is true for u(x) and

M(x)u,(x) = Ay (x)u, (%) (3.6)

is true for u,(x), after right-multiplying Eq. (3.6) on both sides by ux(x), one
gets
An (XU, (X) - ug(x) = M(x)u,(x) - ug(x) = x - uy(X) - ug(x)

3 & — A\()1 is assumed to be different from 0.
4 Hereafter, if not contrarily stated, we will assume that Eq. (3.4) admits N dis-
tinct eigenvalues.
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=x-ug(x)  up(x) = M(X)ug(x) - up(x) = A (x)ug(x) - uy(x).

From the above relationship, because the multiplication is commutative, it
ensues

A (x) = A (x)] up(x) - up(x) =0.

Because the two eigenvalues are distinct by hypothesis, Eq. (3.5) is thus demon-
strated. O

Given an H-number x, such that x # 0, and its set of eigenvectors ug(x),
the following property holds true® if x ¢ L, (x)"

uj (x) = y(x)ur(x), (3.7)

where 7 (x) is a suitable scalar that depends on the components of x.
Proof — As a matter of fact, x can be written as a linear combination of the
eigenvectors of M (x):°

N-1
X = Z Cn(x)un(x) ) (38)
n=0

where the ¢, (x) are scalar coefficients that depend on the components of x.
By substituting Eq. (3.8) into Eq. (3.4) and taking into account Eq. (3.5), one
gets”

cr(x)us (%) = Ap(x)ug(x). (3.9)

Because we have assumed x ¢ Ly, (x), it must be ¢ (x) # 0;® therefore, we can
divide both sides of Eq. (3.9) by ci(x) to obtain Eq. (3.7) with

5 Equation (3.7) can be alternatively written as
M Jug (x)] uk (%) = i (x)ur(x)

that means that ug(x) is eigenvector of the matrix associated with itself.

6 As known from linear algebra, if Eq. (3.4) admits N distinct eigenvalues, then the
corresponding N eigenvectors are linearly independent. In such a case, any column
vector (i.e. H-number) can be written as a linear combination of the eigenvectors.

7 We recall that M(x)ug(x) = x - ug(x).

8 If ¢(x) were zero, one would get x - ux(x) = 0 from Eq. (3.8), and therefore
x €14, (x) would be true, in contrast with our hypothesis.
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The eigenvectors of the associated matrix M(x) do not depend on the
components of x.?
Proof — As a matter of fact, because the eigenvectors ug(x) form a linearly
independent system, given any y € Hy one can write it as a linear combination

of the eigenvectors:
N-1

y= Z en(x,y)u, (%), (3.10)

n=0

where the real coefficients ¢, (x,y) generally depend on the components of x
and y. Therefore, thanks to Egs. (3.10), (3.2), (3.5), and (3.7), one can write

N-1 N-1
M) = D en(x,y)M [un ()] ur(x) = Y en(x,y)un(x) - up(x)
n=0 n=0
= ¢k (x, y)ui(x) = cx (X, y) e (X)ug(x) . (3.11)

Equation (3.11) shows that ug(x) is eigenvector of M(y) as well, whatever y
is. O
This result demonstrates that the eigenvectors form a set that only depends
on the system of H-numbers under consideration. For this reason, hereafter we
will drop the dependence on x from the eigenvectors.

To build normalized eigenvectors, let us set'°

1
Vi = —Uuj. 3.12
= (3.12)
It follows from Eq. (3.5):
ViV =0 (3.13)

for k # n. Moreover, from Eq. (3.7) one gets
Vi=vy. (3.14)

By virtue of Egs. (3.13) and (3.14), we shall say that the eigenvectors v form
a set of orthonormal H-numbers.

9 This implies that Eq. (3.7) is true in the following x-independent form:

2
U, = YeUg.

10 Note that the original and normalized eigenvectors, u; and vy, share the same
eigenvalues A\i(x) for a chosen H-number x.



Advances in Applied Clifford Algebras 15, No. 2 (2005) 199

These orthonormal eigenvectors vy are a complete set [12], therefore any
H-number x can be expressed as a linear superposition of them.
Proof — As a matter of fact, knowing that

M) =x v = Me(X) Vg, (3.15)

one can verify — by recalling completeness of the eigenvectors of a matrix —
that

N-1
X = Z Ap(x)vy . O (3.16)
k=0

Equation (3.16), together with Egs. (3.13) and (3.14), plays a fundamental role
for the system of H-numbers: it states that the eigenvectors vi can be used
as a new set of unit vectors (i.e. a basis) instead of the natural unit vectors
e, and that the components of any H-number for them are the eigenvalues of
the associated matrix.!! Equation (3.16) will come handy when functions of
H-numbers will be dealt with.

As a consequence of Eq. (3.16), let us note that the unity 1 can be written

as
-1

N
1= Vi - (317)
k=0

Proof — As a matter of fact, being M(1) = Z, the eigenvalues of the associated
matrix are all equal to 1, so that Eq. (3.17) follows. O

3.3. PROPERTIES OF THE EIGENVALUES

The following properties of the eigenvalues of the associated matrix can be
straightforwardly demonstrated to hold true:

)\k(()) == O; )\k(l) == 1; (318
Ak(ax +by) = alk(x) + bAk(y); (3.19
Me(xy) = A ()M (y) 5 (3.20

Ak (x™) = AR (x). (3.21

In the above equations, a,b € R, x and y are two H-numbers and n is an
integer. When n < 0 in Eq. (3.21), x is assumed to be neither zero nor a
divisor of zero.

)
)
)
)

' Generally, the components A(x) of x can be complex in this new {v;} basis.
This fact, however, does not constitute a problem for the developments that will
follow.
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3.4. MORE ABOUT DIVISORS OF ZERO

If x € Hy is a divisor of zero, then
x¢ly . (3.22)

Proof — As a matter of fact, if x € L were true, one would get x2 = 0. On the
other hand, Eq. (3.21) allows writing

N—
x? = I (3.23)
k=0

—

Because x # 0 for its being a divisor of zero, at least one eigenvalue Ag(x)
must be non-zero, so that also x? # 0. This demonstrates Eq. (3.22) to be
true.'2 O

3.5. MODULUS OF A HYPERCOMPLEX NUMBER

Let us consider x € Hy for which det[M(x)] > 0. The modulus of x, indicated
as |x|, is defined as

x| = {det[M(x)]}'/" . (3.24)

Demonstrating that the modulus of a divisor of zero is zero is straightforward.

3.6. CONJUGATIONS OF A HYPERCOMPLEX NUMBER

Let us consider x € Hy. We define N — 1 conjugations of x, indicated with
x, 2% N-1%, as
) 700 )

N—
X = >‘[/€+S] (x)vg (s=1,2,...,N—1), (3.25)
k=0

=

where [k + s] is the congruent of k + s module N.!3 Equation (3.25) states that
the s*™ conjugation of x is obtained by scaling in a cyclic way the subscript of

12 Therefore, the only solution to equation
x>=0

isx=0.
13 We recall that, given a positive integer ¢, the congruent [q] of ¢ module N is
equal to g—mN, where m is a suitable integer number such that 0 < ¢g—mN < N—1.
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the eigenvalues by s places with respect to those of the eigenvectors vj of x.
One can verify that the conjugations satisfy the condition

x- 1% 2% NoIx = det[M(x)]1. (3.26)

To demonstrate it, one has to consider that the product of the eigenvalues of
a matrix is equal to the matrix determinant.
As one can demonstrate, the hypercomplex conjugations satisfy the follow-
ing properties:
0=0; 1=1;

*(ax +by) = a°X + b’y ;
f(xn) = ()" .
In the above equations, a,b € R, x,y € Hy, and n is an integer. In Eq. (3.31),
det[M(zx)] # 0 is assumed when n < 0.
Because °X is an H-number, it can be written with an expression similar to
Eq. (3.16), that is

N-1
K=Y M) (3.32)
k=0
By comparing Egs. (3.25) and (3.32), one finds that

(') = Apo (%) (3.33)

4. Functions of Hypercomplex Variable
4.1. ANALYTIC CONTINUATION

Let us consider a real function of real variable, f : R — R. Let us assume that
f can be written as a power series in its domain, that is

fl@)=>ana", (4.1)
n=0

where a,, € R are suitable coefficients. Similarly to the case of complex num-
bers, the analytic continuation f of f is defined as

F(x) = anx". (4.2)
n=0
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Clearly, f : Hy — Hy.

We are going to see that it is possible to establish a link between the
functions defined by means of Eq. (4.2) and matrix functions.

For what reported in Sec. 2.3.6, Eq. (4.2) can be written also as

f(x) =D anM*(x)1 = [Z an/\/l”(x)] 1. (4.3)
n=0 n=0

Note that the series within square brackets, is the power series of a matrix
function [12] that will be indicated with F [M(x)]. Therefore, if this series
converges, also the series in Eq. (4.2) converges. Moreover, the following fun-
damental relationship can be stated between the analytic continuation f of f
and the matrix function F associated with f:

f(@) = F[M(z)] 1. (4.4)

As previously anticipated, Eq. (4.4) enables us to study the properties of hy-
percomplex functions by exploiting the results known for matrix functions.

A first important result is the following: the theory of matrix functions
states that if M(x) admits N normalized eigenvectors vy, that form a basis [12],
then

FIME)]vi = F ()] Vi (4.5)
Therefore, by virtue of Eq. (3.17) we can write the unity 1 as a sum of the vy,
and Eq. (4.4) becomes:

N-1 N-1 N—1
f(x) = FIM®)] Y vie= > FIM®)]vi=> fu)]vi.  (46)
k=0 k=0 k=0

Equation (4.6) establishes a very important link between f and its analytic
continuation f. Generally, it holds true even when the eigenvalues of M(x)
are complex numbers. In such a case, one has to consider, in the right-side
member of Eq. (4.6), the complex analytic continuation of f. The resulting
hypercomplex function will have, nonetheless, pure real components in the
{er} basis, because Eq. (4.3) contains just real coefficients and matrices with
real entries.

4.1.1. Example: functions of a bidimensional hypercomplex variable

As one can verify, for bidimensional H-numbers the eigenvalues of the associ-
ated matrix are

)\i(x,y):er%(ﬂj:\/K)y. (4.7)
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To them, the following orthonormal eigenvectors correspond

1 [ YAx8
Vi:\/Z( :|:21 ), (4.8)

where we have assumed, for the moment, A # 0 (elliptic and hyperbolic num-
bers [11]).1* By applying Eq. (4.6), one gets:

()] (Re) 1o

with
)
— 2 (:ﬂ—k y+\/§y> f<x+§y—\/§y>1, (4.10)
and
fl(x,y):% f<$+§y+\/2xy>f(x+§y\/2£y>]. (4.11)

In the limit A — 0, the above equations give the following expression for
parabolic numbers [11, 13]:

f(z+8y) = Suf (v + %)

f[(i)héo uf (o+ 2) : (4.12)

In Ref. [13], it has been shown that the definition of functions of a parabolic
variable allows demonstrating, by means of plain algebra, the main theorems
concerning the derivative of functions of a real variable.

A specialization of Egs. (4.10) and (4.11) to complex numbers (o = —1,
8 =0, A = 2i) leads to well known results for the real and imaginary parts,
fo and fi, of f, which are

SVt + i), hley) = o (i) - -y

fO('r’y) = 2 [
(4.13)

14 The case of parabolic numbers [11, 13], for which A = 0, will be tackled later by
applying A — 0 to the results obtained with A # 0.
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4.2. PROPERTIES OF HYPERCOMPLEX FUNCTIONS
We list below, leaving the straightforward demonstrations to the reader, some
properties of the functions of hypercomplex variable:

it  flaz+by) =af(zx)+0f(y) then f(ax+bdy)=af(x)+0bf(y); (4.14)

if  flzy) = f(@)+ fly) then f(x-y)="~£(x)+1£(y); (4.15)
if flz+y)=fx)f(y) then flx+y)==F(x) f(y). (4.16)

In the above equations, a,b € R and x,y € Hy.

Other interesting properties can be investigated by using Eq. (4.6). By
means of it, for instance, one can define the analytic continuations of the
exponential and logarithmic functions. Coherently with the adopted notation,
we will indicate these analytic continuations in bold letters, that is exp and In.
Regarding these two functions, from Egs. (4.15) and (4.16) it follows that they
possess the same properties of the corresponding real and complex functions:

In(x-y) =In(x) + In(y);
exp(x +y) = exp(x) - exp(y).

5. Derivatives of a Hypercomplex Function

Before introducing the derivative, it is useful to introduce the limit of a function
of hypercomplex variable. Given x € Hy and f : Hy — Hpy, we define the
limit of f(x) for x — y to be equal to £ = (£, 41, ..., 0n—_1) if

lim lim ... lim fe(x) =4 for k=0,1,...,N — 1, (5.1)

To—Yo T1—Y1 TN—-1"7YN-1

under the assumption that all the limits of the components do exist.

5.1. DERIVATIVE WITH RESPECT TO THE HYPERCOMPLEX VARIABLE

Assuming that f(z) is a derivable function, let us define the derivative of f(x)
with respect to the hypercomplex variable x. The incremental ratio of this
function is defined as

Af (x4 t) — f(x)
Aot = (5.2)
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with t € Hy. Obviously, the division in the previous definition is defined only
if det[M(t)] # 0. Under such an assumption, we define the derivative of f(x)
with respect to x as the limit of the incremental ratio for t — 0:

j{(x) = lim E(x, t), (5.3)

t—0 Ax
and we will say that such a derivative exists if the above limit exists and is
independent on the order chosen for evaluating the limits along the components
of t, see Eq. (5.1). Moreover, the derivative cannot be defined in x if x is a
divisor of zero. Alternatively, we could introduce the derivative by applying
Eq. (4.6) to the real function f’(x) — the derivative of f(z) — that is

N-1
L= Y v (54)
k=0

The two above definitions, Egs. (5.3) and (5.4), are completely equivalent
if t is not a divisor of zero.
Proof — As a matter of fact, Eq. (5.3), together with Eq. (4.6), gives:

df . N—-1 .
&(x) = tlgrg)z M (x +t)] = £ ()]} M7 (t)vie
k=0
N-1 N—-1
~ i S SR A A ()] ()] () v
= tl*"kz:o WO K ’;)fw v,

because lim¢_0 Ax(t) = 0. O

Equation (5.4) does not need the introduction of an increment t for the
definition of the derivative of f(x), and therefore it is preferable with respect
to the definition given in Eq. (5.2).

As far as the higher-order derivatives are concerned, one can demonstrate
that a proper definition is

arf =
o) = > D)V,
k=0

where n is any positive integer.

With the definition given in Eq. (5.4), one can demonstrate that the com-
mon properties of the derivative of real functions — derivative of the sum of
two functions, of the product of two functions, of the ratio of two function,
of the function of a function, etc. — can be straightforwardly extended to the
derivative of functions of hypercomplex variable.
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5.2. PARTIAL DERIVATIVES

Equation (4.6) can help also in introducing the partial derivative of f(x) with
respect to one component of x, say x,. The resulting definition is

-1

of o = ) 8)\k
T%(x):akg vi= Y fP(x g, Ve (55)

k=0

Thanks to Eq. (3.20), according to which the product of two H-numbers can
be evaluated, in the orthonormal basis {vy}, by multiplying their components
one by one (internal product), the above equation gives

of df

D)= ZAk Vi = ﬁ(x)‘a—x- (5.6)

5 V=
dix E — dx oxy,

Noticing that 0x/0z, = e, one gets the following fundamental result, which
relates the derivative with the partial derivatives of a function of hypercomplex
variable:

of df
G0 = 5 (%) e (57)
In a similar way, one can verify that
0*f dzf

€y e

902 ¥ = 32

holds true, and that analogous relationships hold true for higher-order deriva-
tives.

From Eq. (5.7), the following relationship among the partial derivatives of
f(x) follows:

en —(x)=e, - W(X) (5.8)

and is true for any m,n = 0,1,..., N — 1. Equation (5.8) can be regarded as
the vectorial form of the generalized Cauchy-Riemann (GCR) conditions [3].

A function of hypercomplex variable that satisfies the GCR. conditions —
i.e. Eq. (5.8) — will be named holomorphic (or holomorphic analytic). Clearly,
any analytic continuation of a real function is holomorphic, because Eq. (5.8)
has been derived for functions which are analytic continuations.



Advances in Applied Clifford Algebras 15, No. 2 (2005) 207

5.3. COMPONENTS OF THE DERIVATIVE OPERATOR

One can define a derivative operator, d/dx, by formally right-multiplying it by

the function subjected to the derivative operation:
d df

In such a case, by formally dealing with the derivative operator as if it were
an H-number, one can decompose it in the orthonormal basis {vy}:

4 = d
— = Ao | — ) Vi (5.10)
dx I;) k(dx) k
Because
N-1
f(x) = > )]V, (5.11)
k=0

by formally multiplying Eq. (5.10) by Eq. (5.11) and recalling that the v are
orthonormal, one gets:

d _df i d
o f0 = (0= ];) N (dx) ()] vi . (5.12)

By comparing Eq. (5.12) with Eq. (5.4), one gets the following expression for
the eigenvalues of the derivative operator:

Ak (i{) - (Mfl(x). (5.13)

Thus, these eigenvalues are the derivative operators applied to the single com-
ponents of f(x) in the {vy} basis.
5.4. DERIVATIVE WITH RESPECT TO THE CONJUGATED VARIABLES

By exploiting the above results, one can also decompose, within the {vj}
basis, the derivative operator with respect to X, which is the s-conjugated of
x. Equation (5.13) formally gives

Ak <dfx) = dAljsX) : (5.14)
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Because Eq. (3.33) holds true, Eq. (5.14) can also be written as

d d
A S 5.15
g <d SX) A [ie4] (%) (5:15)

therefore

Z d)‘[k—i-s D) (316

Moreover, the latter two expressions give

d d
)\k <d5x> = >\[k+s] (dX) . (517)

By using the above results, it should be noticed that, if £(x) is a holomorphic
function, one gets for s # 0:

df dff A (x
X) = =0. 5.18
(x) Z dA[HS (5.18)

This last equation states that the derivatives of a holomorphic function f(x)
with respect to the conjugated variables *X (s # 0) are null. Such a property
is a generalization of what happens in the system of complex numbers for
complex holomorphic functions.

5.5. CHARACTERISTIC DIFFERENTIAL EQUATION

Equation (5.18) gives rise to systems of differential equations of order lower
than or equal to N. The components of any holomorphic function must satisfy
such differential equations. For instance, let us consider the composite operator
(d/dx) - (d/d *X), with s # 0. Because

also
d d

dx  dsx
holds true. By setting equal to zero the N components of the left-hand side of
Eq. (5.19), one will find a system of differential equations of order 2 for the N
components of f(x).

f(x)=0 (5.19)
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An interesting result comes from the application of the operator
i
s=0 ds

to a holomorphic function f(x). Indeed, by recalling orthonormality of the unit
vectors v and Eq. (5.16), one gets

N—-1 d N—1 N—-1 d
(11 %) 0 = [T (5 )| o

s=0 =0

d 4 - d
dx d1x dN-1x%

X

N-—1 d N-—1 N-—-1 d

— . v | - f(x) = As | — )] -1-f(x
(M) () 0= [T (5] 0
d N

= = f(x)=0. (5.20)

By setting as equal to zero the N components of Eq. (5.20), one finds that all
the components of f(x) must satisfy the same differential equation of order N,
that we will name as the characteristic equation of the system of H-numbers.
Note that the coefficients of such an equation are real numbers.

A more explicit form of the characteristic equation can be obtained by
evaluating the N*"" power of the symbolic modulus of the derivative operator
that appears in the last row of Eq. (5.20). Indeed, after recalling Eqgs. (3.24)
and (5.13) and the known property that the product of the eigenvalues of a
matrix is equal to the matrix determinant, one has

N N-1 N—1[N-1
L d [ Oz a] . (5.21)
dx o As(x) = OAs(x) Oy,
Because
N-1 N—-1[N-1
X = As(X)vg = [Z /\S(X)Usk] e,
s=0 k=0 Ls=0

where the v are the components of v in the {e;} basis,

N-1
Vs = § Usk€k ,
k=0
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it follows that the &** component of x is

N-1
e = As(®)vsk,
s=0

from which one finds 5
Tl
= . .22
OXs(x) Usk (5.22)

By substituting Eq. (5.22) into Eq. (5.21) and recalling Eq. (5.20), the following
explicit form of the characteristic equation follows:

N—-1 /N—-1 )
11 (Z US’“M) f(x) =0. (5.23)
k

s=0 =0

Since in Eq. (5.23) the operator applied to f(x) is a real one, Eq. (5.23) must
hold true for all the components — in the {ej} basis — of f(x), that is

N-1 /N-1 P
H (Z USk@a%) fe(zo,z1,...,2ny—-1) =0 (5.24)

s=0 k=0
for any k=0,1,...,N — 1.
5.5.1. Example: characteristic equation for bidimensional hypercompler num-
bers

After recalling the form of the orthonormal unit vectors for bidimensional H-
numbers, see Eq. (4.8), the characteristic equation resulting from Eq. (5.23)
is

2Wv/A O0r /A Oy

A few mathematical manipulations transform this equation into a more com-
pact form, that is

0? 0 0? fo(z,y) 0
o _ ’ = . 5.25
<a3372+ﬁ3:173y 3y2) (fl(zay)) (0) (5.25)
Equation (5.25) is a partial differential equation of elliptic, parabolic or hyper-
bolic type [14], depending on the values of « and §. In particular, Eq. (5.25)

(Sk-8) (S5 58) 1))
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becomes the well known Laplace equation for canonical elliptic bidimensional
H-numbers (o = —1, = 0) — which coincide with complex numbers — and
the wave equation for canonical hyperbolic bidimensional H-numbers (o = 1,

B=0).

6. Conclusions

The theory of commutative hypercomplex numbers whith unity has been ex-
posed by means of the linear algebra of matrices. In spite of the use of an
algebraic method, we have formalized the theory of holomorphic functions and
differential calculus. Thanks to these important features and the commutative
property, we can assume these systems of numbers to be extensions of real and
complex numbers.

Moreover, the fact that within bidimensional systems the holomorphic func-
tions satisfy partial differential equations of physical relevance, stimulates the
extension of our investigation to multidimensional systems.
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