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Chapter 1 ’Clifford Algebras

Throughout this project, we let V' be a finite dimensional real vector space,
together with a symmetric bilinear form B: VXV — Rand welet Q : V —
R be the associated quadratic form, Q(v) = B(v,v) for v € V.

We recall from the class that if V' = R", which will be our main concern in
this project, then we have only 4 symmetric bilinear forms, and they are:

(i) The trivial one, B(v,w) =0 Yv,w € R™.

(ii) B(v,w) = Zziyi, for v = (z1,22, ..., Tn), w = (Y1, Y2, ---,Yn) € R™.
i=1

n
(iii) B(v,w) = —inyi, for v = (21,22, .., Tn), w = (Y1, Y2, .-, Yn) € R™.
i=1

P Ptq
(iv) B(v,w) = Zl’z%* Z ziy;, for 1 <p <p+q<n, v= (21,22, ..., 2Tn),
i=1 i=p+1

w = (ylﬂy27 7yn) S R’n
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We are now ready to define the Clifford Algebra associated with V' and the
quadratic form Q.

Definition. A Clifford algebra associated with V and @, denoted Cliff (V, Q),
is a real algebra, together with an injective linear map i : V — CIliff (V, Q),

satisfying the condition | (i(v))* = Q(v) -1 Vo € V |*) and so that for any real

algebra A, and for every linear map f : V — A with (f(v))2 = QW) -1
Vv € V there exists a unique algebra homomorphism f : Cliff (V, Q) — A so
that the following diagram is commutative:

vV -5 CHLff(V,Q)
I~ S
A

Remarks.

(1.1) The above definition shows that CLiff (V, @), if it exists, is unique up to
isomorphism of real algebras. To see that this is so, suppose that we have two
Clifford algebras Cliff(V, Q), Cliff5(V, Q) associated with V and @, then, by
definition, the following diagram is commutative:

VL Clffy(V,Q)
o\ 9/ f
Cliff»(V, Q)

Since both i; and i, are injective, f and g are injective and so inverses of each
other.

(1.2) To establish existence, we just use another definition of Cliff (V, Q) and
then show that this definition and the above one are equivalent. I will not do
this here though!
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It can be shown that if one takes T(V') to be the tensor algebra of V, which

is constructed as the direct sum T(V) = @V®" =RoVeo(VeV)e
n>0

(VeVeV)@®---, then one gets that the Clifford algebra CLff(V,Q) =

T(V),/I, where I is the ideal I = {v®@v — Q(v)-1:v € V}. That is, I is the

ideal of T(V') generated by elements of the form v ® v — Q(v) - 1.

Note that if one sets J = {v @ v : v € V'}, then one gets that T(V'), /J = A*V,
the exterior algebra of V.

Actually, most of the interesting algebras that one gets from V are constructed
in this fashion.

(1.3) Note that T(V) is Z — graded, and since I is generated by quadratic
elements, CLiff (V, Q) will be Zy — graded,

Cliff(V, Q) = CIiff(V, Q) @ Cliff* (V, Q) [**). We will come back to this soon

and we will define Cliﬂ'O(V, Q) and CIliff*(V, Q), but let us keep them vague
for the time being.

(1.4) If one takes the trivial bilinear symmetric form on V| then one gets the
trivial quadratic form Q(v) = 0 and in this case, Cliff (V, Q) = A*V.

(1.5) If we pick u,v € V, then we get the following:

| Q(u+v)=B(u+v,u+v)==B(u,u)+2B(u,v)+B(v,v) =Q(u) +2B(u,v)+Q(v) \“).

Thus, since i is linear,
(i(u+0))* = (i(w)* + (i(v))* +i(u) - i(v) +i(v) - i(u) ).
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Using the fundamental relation (x) above, we get the following:
2)=Qu+v)-1=Q(u) - 14+ Q(v) - 1+i(u)-i(v) + i(v) - i(u)
= i(u) -i(v) +i(v) - i(u) = Qu+v) 1 —Qu)- 1 -Q(v) - 1

— (Qu+v) — Q(u) — Q) - 1 L 2B(u,v) - 1.

Thus,

i(u) -i(v) +i(v) - i(u) = 2B(u,v) 1 Yu,v e V[,

(1.6) The relation (3) is sometimes written as u-v + v - v = 2B(u,v) if no
confusion would arise.

After all, 7 is injective. Also, some authors take this relation as the fundamental
relation in the definition of the Clifford algebra.

(1.7) Let us get our hands dirty now. Suppose that {vi,ve,...,v,} is an or-
thonormal basis of V' with respect to the bilinear form B, i.e., B(v;,v;) = §;;.
Then relation (3) tells us that:

T B ifi#]
vrvﬁva'M{zQ(Ui) ifi:j}

That is, if ¢ # j, then v; - v; = —v; - v;.

(1.8) For the special case when V = R"™ and B(v,w) = —Zmiyi, we note the
following: =

(i) Q) =—[v]* VveR"

(ii) We denote Cliff (R™, Q) in this case by Cliff (n).

(iii) If we choose an orthonormal basis for R™ with respect to B, say
{e1,€2,...,en}, then we get that Cliff(n) is generated by the e;s with the
fundamental relation

e;-ej+ej-e =—20; forl<i,j<n.
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That is, | if i # j, then e; - ¢; = —e; - ¢; 4 and ’ifi = j, then e? = —1 (5),

(1.9) If no confusion would arise, we will drop the - that we have in relations
(4) and (5).

(1.10) A basis for Cliff(n) may be obtained as follows:

Every element of Cliff(n) can be written as a linear combination of finite
strings of the form e; e;, ---€;, .

Using (4) and (5) repeatedly, this string reduces to a string in which iy < is <
e & ik:-

Here, we used k instead of m to shed light on the fact that some of the i}s
might be the same in which case we eliminate them, using relation (5), after
we get them next to each other using relation (4).

For example, something like ejeseies reduces to —eses, something like
e1eseseqeseseresezey reduces to —1, and something like ejesezereqes reduces
to 1. (Check!).

Hence, it is relatively clear that a basis for Cliff (n) is given by: (here, 1 < ¢ <
j<k<n)

€;
€i€j
€;€;€L

€1€2€3 - €p

(1.11) Note that there are (3)+ (7) 4+ (5) +---+ (1) = (14+1)™ = 2" clements
in the above basis.
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Hence, dim(Cliff (n)) = 2™.

(1.12) Let us compute explicitly some Clifford algebras.

(i) CIliff(0) is a 2° = 1—dimensional real algebra with basis {1}. Thus,
CLiff (0) = R|

(ii) CIiff(1) is a 2! = 2—dimensional real algebra with basis {1,e;}, where
2
ef = —1.

1 €1
Thus, the multiplication table is: 1 1 e
e] e -1

If we identify e; with the complex number %, since i2 = —1, we get that
Cliff(1) =C |

(iii) Cliff(2) is a 22 = 4—dimensional real algebra with basis {1, e, 2, e1€2},
where €2 = —1, €3 = —1, (6162)2 = ejege16 = —eres = —1, and ejes = —ege;.

Thus, the multiplication table is:

1 €1 €2 e€ej€s

1 1 €1 €2 €1€2

e1 e —1 ejes —eo
€2 €y —€1€2 -1 €1
€1€ez €162 €9 —e1 -1

If one identifies e; with i, es with j, and ejes with k, then one gets that
Cliff (2) = H|, where H is the quaternions. Recall that the quaternions have
the multiplication table:
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1 i j k
11 i j k
ii -1k —j
jj -k -1 i
kk j —i—1
(iv) Cliff(3) is a 2° = 8—dimensional real algebra with basis
{1,e1,e2,e3,e1€2, €103, €2e3, €123}, where €3 = —1, e3 = —1, 2 = —1,
(e1e2)” = —1, (ere3)® = —1, (ezes)” = —1, (ereges)® =1, eie; = —eje;, and
so on. Thus, the multiplication table is:
1 €1 €2 €3 €ejes €ejeg €23 e€j1€aze3
1 1 €1 €9 €3 €1€2 €1€3 €2€3 €1€2€3
€1 €1 -1 €1€2 €1€3 —€9 —€3 €1€2€3 —e€9€3
€2 €9 —€1€9 -1 €9€3 €1 —€1€2€3 —€3 €1€3
€3 €3 —€1€3 —E€2€3 -1 €1€2€3 €1 () —€1€2
[SYSH) €1€2 €9 —e1 €1€2€3 -1 €2€3 —e1€3 —e€3
€ejes €1€3 €3 —€1€2€3 —€1 —eg€3 -1 €1€2 —€2
€z€e3 €2€3 €1€2€3 €3 —€2 e1es —€1€2 -1 —e1
€1€2€3 €123 —E€3€3 e1es —e€1€2 —€3 €9 —e1 1

A good reason for us to be sad at this point is that we wished this would
come out to be the octonions, but it is not. Recall that the octonions are not
associative. This actually comes out to be H & H.

You can immediately see a copy of H in the above table by taking the 1st,
4th, 5th and 6th rows with the 1st, 4th, 5th and 6th columns. This is what we
will call the even subalgebra of the Clifford algebra and we will denote it by
Cliff’(3). (Look at remark 1.3).

Hence, | Cliff (3) = H o H |

(1.13) Using commutativity of diagrams, we can show that every Clifford al-
gebra Cliff (V, Q) has a unique canonical anti-automorphism

B : Cliff (V,Q) — CIliff (V, Q) and a unique canonical automorphism

a: Cliff (V, Q) — CIiff (V, Q) such that: (here, we identify i(v) with v)
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(i) Bz -y) = Bly) - B(x) Vz,y € CLiff(V,Q), 8 =id, and B(v) =v Yv € V.
(i) a(z-y) = a(x)-ay) Vz,y € Cliff(V,Q), a® = id, and a(v) = —v Vv € V.

(1.14) Let us describe the anti-automorphism 3, and the automorphism «, in
remark (1.13), in terms of their action on an orthonormal basis {e1, ea, ..., 5}
of V with respect to the bilinear form B.

- (8 is completely characterized by:
B(1) =1, Ble;) =e;, and B(ej €5, - €5) = €4, - €in€iy -
(This is why it is called an anti-automorphism)

- av is completely characterized by:

a(l) =1, ale;) = —e;, and ale;, e, - €;,) = (—1)*e; e, - C gy

(1.15) Set Cliff’(V,Q) = {z € Cliff(V,Q) : a(z) = z} and Cliff*(V,Q) =
{z € Cliff (V,Q) : a(z) = —z}.

Observe that Cliff(V, Q) = Cliff’(V, Q) @ Cliff*(V, Q) and that if

z € Cliff (V,Q), y € Cliff’(V, Q), for 4,5 € {0,1}, then

z -y € CLF I medd) (7 0y ((exx)

(Note that @ is a direct product of real algebras, not vector spaces).
This is why we say that Cliff (V, Q) is Zs — graded.

(1.16) A basis for Cliff’(V, Q) is given by 1 and completely reduced strings
of even length (i.e., ejes---ea).

A basis for CLiff*(V, Q) is given by completely reduced strings of odd length
(i.e., €1€9 - €2k—1)~

Note that, by property (* * %) in remark 1.15, CLiff®(V,Q) is a subalgebra
of CIiff(V,Q), whereas Cliff*(V, Q) is not. Also, note that Cliff’(n + 1) =
Cliff (n).

(1.17) We will make up for the torment that we caused in part (iv) of re-
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mark (1.12) by stating the Bott’s periodicity theorem. At this point, it is not
clear what happens if we continue with our construction of Cliff (4), Cliff(5),
CILiff (6),. ...

We get the following table: (In the table, something like R(8) means the space
of 8 x 8 real matrices)

CIliff (n)
R
C
H
H o H
H(2)
C(2)
R(8)
R(8)DR(8)
R(16)

O UR WD RO

Bott’s Periodicity Theorem. Cliff (n + 8) = Cliff (n) ® Cliff(8) for n > 1. ‘

Thus, together with the table above, we know all of the real Clifford algebras
n

over R™ for each n > 1, under the bilinear symmetric form B (v, w) = —Zaziyi.
=1

(1.18) Theorem. Let V be a finite dimensional real vector space with a
bilinear symmetric form B. Suppose that V = V; & V4, where B(vy,v2) = 0
for all v1 € V; and all vy € V5. Then

Cliff (V, Q) = Cliff (V;, Q) ® Cliff (Va, Q).

Proof. We will show that Cliff(V7,Q) ® CIliff (2, @) has the same universal
property that characterizes CLff(V, Q). Suppose that we are given a linear
map f : V — A, where A is any real algebra such that (f(v))> = Q(v) - 1
Vv € V. Look at the diagram below.

Let fi = foinc, : Vi — A and fo = foincy : Vo — A.
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- incy \_‘ /MLCQ -
Ji™\ 14 b
Lf
A

It is easy to check that (f1(v))* = Q(v)-1 Vv € V4 and that (f2(v))® = Q(v)-1
Vv € V. Thus, by the universal property of Cliff(V1, Q) and Cliff (V2, @), we
get unique real algebra homomorphisms f; : CLff(Vi,Q) — A and f5 :
Cliff (V,, Q) — A such that the diagrams that you expect are commutative.
Now, we wish to determine the relation between f; and f. We do this in 3
steps:

Step 1. Let v; € V5 and vy € V5.
Then, in A, we have f1 (Ul)' fg(’Ug) = 7f2(1)2) . f1 (Ug).
This is because, in this case,
B(v1 4 va,v1 +v2) = B(vy,v1) + 2B(v1, v2) + B(va, v2)
=0
= B(v1,v1) + B(v2,v2) = Q(v1) + Q(v2)
= f(v1 +v2) - f(v1+v2) = Q1 +v2) -1 =Q(v1) 14+ Qv2) - 1= f(v1) -
f(u1) + fv2) - f(v2).
But f(vitva) f(vi+v2) = f(v1)-f(v1)+f(v1) f(v2)+f(v2) f(v1)+f(va) f(v2).

Thus, f(v1) - f(v2) + f(v2) - f(v1) =0 and so f(v1) - f(v2) = —f(va) - f(v1)
Thus, by commutativity of diagrams, we get our result.

Step 2. If v; € 1} a@wl--;~wn€V2. o o
Then, in A, we have f1(v1)- fa(wy -+ wy) = (=1)" fa(wy - -+ wy) - f1(ve2).

This is easy to see by combining what we found in step 1 with the fact that fa
is a homomorphism.

Step3.Iful~----v,l€V1andwl-;nwnevg. o
Then, in A, we have fi(v;-- - Vm)* fa(wy -« wy) = (=1)™" fo(wy -+ Wy) -
fl(vl ..... Um)-

This is easy to see by combining steps 1 and 2.

Now, define J : CLiff(Vi, Q) ® CLff(Va,Q) — A by
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fla®y) = f1(x) fo(z) for z € Cliff(V1,Q), y € ClLiff(V2,Q).

This is clearly a homomorphism of real algebras; it is linear and it is a ring
homomorphism.

Now, we replace A byicliff(V,Q) and we use the universal property of
ClLff(V, Q) to get that f : Cliff (V1,Q) ® Cliff (13, Q) — CILff(V, Q) is an
isomorphism. |

Chapter 2 ’Spinor Groups‘

We recall from remarks (1.13) and (1.14) above what the structure maps « and
0 are. Also, we will assume the reader is familiar with all of what was done in
chapter 1.

Remarks.

(2.1) Note that a|cugorv,q) = I, and that o|cugr(v,q) = —I. Also, note
that a8 = Ba and this can be established by showing that they agree on every
element of a basis for Cliff (V, Q).

Moreover, Vz € Cliff (V, Q), we have a(x)8(z) = f(z)a(x) = 1.

(2.2) Define v = aff = fa : Cliff (V, Q) — CIliff (V, Q).
Then + is completely characterized by: v(1) =1, y(e;) = —e;, and
7(6i16i2 T eik) = <_1)keik €ip_1 " Ciy-

(2.3) Let us compute the maps «a, 3, and «y for Cliff (1) = C, Cliff (2) = H, and
Cliff(3) = He H.
One gets the following three tables, respectively:
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1 i 1 i j k
al —i al —i —j k
81 it | g1 i j —kpond
vy 1 —i v 1 —i —j —k

1 e €2 €3 €1y e€ejeg eze3 ejezes
a1l —€1 —€y —e3 e€1€3 €1€3 €2€3 —€1€2€3
ﬁ 1 (&3] €2 €3 —€1€2 —€1€3 —€2€3 —€1€92€3 ’
Y 1 —€1 —€g —€3 —€1€y —€1€3 —E€g9€3 €1€2€3

Note that in the 3 cases, zy(x) = y(x)z = 1 Va. This resembles the action of
conjugation.

(2.4) From now on, if no confusion would arise, we shall write T for v(z).

(2.5) Note that elements of V' can be thought of as the span of 1—vectors in
ClLiff(V, Q).
This is by injectivity of 4.

(2.6) Definition. We define the Pinor group, denoted Pin(V, Q), by:

] Pin(V,Q) = {z € Cliff(V,Q) : 27 = 1, and 2V (Bz) C V} \

We also define the Spinor group, denoted Spin(V, @), by:

Spin(V, Q) = Pin(V, Q) N CLiff*(V, Q) =
{z € Cliff°(V,Q) : 2T = 1, and 2V (Bz) C V}
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(2.7) The condition xV (Bx) C V means that there is an action of the Clifford
algebra, CLiff(V,Q), on V given by multiplication on the left by x and on
the right by Bz. The action may be written as: 7z : CLff(V,Q) x V — V
given by mz(v) = z-v = zv (fz). It is an action by the associativity of the
Clifford Algebra and the fact that elements of V' can be realized as the 1-vectors
in Cliff (V, Q).

(1-12 = 1;})1 =, (vy)v = zyv (Bry) = zyvPyfr = x (yvPy) fr = x (y - v) Pz =
z - (y-v)).

(2.8) Let us compute Pin(1), Spin(1), Pin(2), and Spin(2).

Pin(1) = {x € Cliff(1) : 27 = 1, and 2R (8z) C R}
={r €C:27 =1, and zR (Bz) C R}
={zx=a+ibeC: |z =1, and 2% € R}
={z=a+ibe C:a?+b* =1, and either a or b = 0}
= {1, £i}.

Spin(1) = Pin(1) N Cliff°(1)
= {+1,+i}NR
= {+1}.

Pin(2) = {x € CIliff (2) : 2T = 1, and x( 1-vectors) (8z) C (1-vectors)}.
Recall that Cliff(2) = H has basis {1,4,7,ij = k}.

If x € CIliff(2), then = al + bi + ¢j + dk and the set of 1-vectors in this case
is spanned by ¢ and j.

Thus, if v =a’i + ¥'j € V =R? is a 1-vector, then

av (Bz) = (al + bi+cj+dk) (a'i +'j) (al +bi+cj—dk) € V ELEp = ¢ =
0 ora=d=0.

Thus, Pin(2) = {z =al + bi+cj + dk € Cliff(2) : 27 =1, and (b=c=0 or
a=d=0)}={r=al+dk:a®*+d? =1} U{z=bi+cj:b*+c*=1}.

Spin(2) = Pin(2) N Cliff’(2)
={z=al+dk:a®>+d*=1}U{z=bi+cj: b*+c2=1})NC
={r=al+dk:a®>+d*=1}NC)UD

=St=U(1).
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(2.9) Let us see, geometrically, what the action of Spin(2) on R? is.

For this, one takes an element x = al + dk € Spin(2), where, of course,
a?+d?>=1.

Then one writes = al + dk = cos6 + sinbk , § € R. (Here, one drops 1 for
simplicity).

One also takes an ideal element v = bi + c¢j € R2. (Here, again, one identifies
R? with 1-vectors).

Now, from remark 2.7, one computes 7wz (v).

This gives mx(v) = x - v = zv (Bz) = (cos 8 + sinbk) (bi + ¢j) (cos § — sin 6k)
= (bcosBi + ccosfj + bsinfj — csin i) (cos § — sin Ok)

= ((bcos® — csinf) i+ (ccos + bsin)j) (cos § — sin Ok)

= (bcos20 — csin20)i + (bsin 26 + ccos 20) ;.

Thus, 7 is a rotation by 26. In matrix language, this reminds us of

cos 20 —sin 20 b
sin260 cos 20 c )’

(2.10) In the following remarks, (2.11) to (2.17), we will prove an extremly
marvellous result that will make our work, up to this point, worthwhile.

The result states that the Lie algebra of Spin(n), spin(n), is isomorphic to
the Lie algebra so(n).

That is, |spin(n) = so(n) ‘

Throughout the proof, we will assume the fact that both Pin(V, Q) and
Spin(V, Q) are closed subgroups of the invertible elements of Cliff (V, Q) and
hence are Lie groups themselves.

(2.11) The map = : Pin(V,Q) — O(V,Q) given by (rz)v = zvf(z) is a
well-defined group homomorphism.

Proof. Here, by well-defined, we mean that the bilinear symmetric form B
is preserved under 7z and thus, 7z € O(V,Q). To see this, we compute
B((nzx) v, (rz) v).
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Note that Q(v) = B(v,v) = v? = —va(v) Vv € V. Also, since x € Pin(V,Q),
(rx)v eV YveV.

Thus,

B((rz)v, (rz)v) = Q ((rz)v) = — (mz) va((rx) v) = —zvf(z)a(zvi(z)) =

— 2vB(z)a(z)a(v)y(r) = 2v*y(x) = 2B(v,v)y(z) = B(v,v)zy(x) = B(v,v).
— A ——

=1 =—v ER
Thus, 7z € O(V, Q).

We already have shown that m is a group homomorphism in remark 2.7. W

(2.12) kerm = {£1}.

Proof. kerm = {z € Pin(V,Q) : (mx)v =v Yv € V} = {z € Pin(V,Q) :
zvf(x) =v Yo € V} = {x € Pin(V,Q) : 2vf(z)a(z) = va(z) Yv € V} =
{z e Pin(V, Q) : 2v = va(x) Yv eV}

It is not hard to show that if zv = va(x) Vv € V, then z € R.

Thus, = {z € Pin(V, Q) NR} = {£1}. ]

(2.13) Let i < j. Then (e;e;)(eiej) = —1 and so we can define z(t) = e(¢¢)t =
cost + (sint)e;e;.
We claim that z(t) € Spin(V, Q) and 7(z(t)) =

i J
1
1
i cos 2t —sin 2t
1
] 1
J sin 2t cos 2t
1
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Proof. z(t) = cost + (sint)e;e; is a 2-vector and so it lies in CLiff®(V, Q).

z(t)z(t) = (cost + (sint)ese;)(cost — (sint)eze;) = cos? t +sin®t = 1.

Also, if we take any 1-vector v = ey, in the basis for V, then we get that
z(t)vB (x(t)) = (cost + (sint)e;e;)ex(cost — (sint)e;e;) =

{ ek if k¢ {i,j} }
(cos 2t + (sin2t)e;e;)er if k€ {i,5} [~

Note that (cos 2t + (sin 2t)e;e;)ey, is also a 1-vector.
Thus, z(t)V B (z(t)) C V and so z(t) € Pin(V, Q).
Therefore, z(t) € CLiff®(V,Q) N Pin(V, Q) = Spin(V, Q).

If we write that matrix for 7(x(¢)) with respect to the basis {ej, e, ...,e,} of
V', which we did 4 lines above, then we get the matrix given in the statement

of the result. [}
0
. -2
(2.14) The elements 4|,_o(m(z(t))) = 0 form a basis for
2 .
0
so(n).
Proof. s0(n) = {n x n real matrices X : X'" = —X} = {n x n real matrices
X = (aj5) : aij = —aji} = {n x n real matrices X = (a;;) : a;; = 0 and
aij = 7(13'1'}. .

(2.15) The elements |,—o(z(t)) = %[—o(cost + (sint)ese;) = esej, i < j,
which belong to the Lie algebra spin(n), map onto the elements in remark 2.14.
Thus, 7 is surjective.

Proof. This was “somehow” done in remark 2.13. |
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(2.16) The Lie algebra g spanned by elements of the form e;e;, i < j, with
leie;, exer] = e;ejere; — exere;e;, is isomorphic to the Lie algebra so(n).

Proof. There are (;) = @ elements in the basis for g. Also,

dim(so(n)) = -1,
Let us look at g more closely. The bracket has some interesting properties.

- If 4,5,k and [ are different, then
leie;, exe)] = e;ejepe; — epereej = eejepe; — eejere; = 0.
- If i,k and [ are different, then

[ecer, exer] = eerepe; — epereie; = ejex, — exe; = 2e;€y.
- If i =k and j =, then
leiej, exer] = [esej, eie;] = e;ejee; — ejejee; = 0.

It is easy to see that the bracket satisfies Jacobi identity. Thus, g is indeed a
Lie algebra.

Let us show that 7 : g — so(n) preserves the bracket, and hence, since the
dimensions are the same, a Lie algebra isomorphism. We will only do it for the
nontrivial bracket case above.

The other two cases are immediate. So suppose that we have the two elements
e;e; and ege;.

They will be mapped under 7 to the two elements X;; and Xj; € so(n), where
X;; has all entries 0 except the ij and ji entries in which we have -2 and 2,
respectively, and Xj; has all entries 0 except the kj and jk entries in which
we have -2 and 2, respectively.

One checks that [X;;, Xi;] = X Xk; — Xk Xi; = 2Xk, where Xy, of course,
has all entries 0 except the ik and ki entries in which we have -2 and 2,
respectively.

Note that e;er, — Xk - |

(2.17) 7 : spin(n) — so(n) is an isomorphism since ker7 is finite. Thus, a
basis for the Lie algebra spin(n) is given by the span of 2-vectors e;e;, with

spin(n) = so(n) |

1 < j. Hence,
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Chapter 3 ’Construction of the Lie algebra 28‘

We begin by introducing an inner product on spin(n), then compute the roots
and find the Dynkin diagram.

For Eg, there is no representation of smaller degree than the adjoint represen-
tation Ad, so we use that.

(3.1) We identified elements of spin(n) with skew-symmetric matrices, in
s0(n), of the form given in (2.14). The 2-vector e;e; was identified with the
matrix X;;, where X;; has all entries 0 except the i¢j and ji entries in which
we have -2 and 2, respectively.

On so(n), we use the inner product (X,Y) = trace(XY).
Thus, we define (,)pin(,) © 8Pin(n) x spin(n) — R by the formula
(el-ej,ekeﬁﬁpm(n) = (Xij, X)) = trace(X;;j Xp).

This gives <€i€j,€i€j>5pm(n) = (X;j, Xij) = trace(X;; X;;) = —8.

To remove the wundesirable factor —8, let us instead define
<XijaXij> = %trace(Xinij). Hence,

<eiej7ek€l>spin(n) = <Xij>Xkl> = %trace(Xinkl) = 5ik6jl .

(3.2) Following [2], we let x; denote the 2 x 2 block diagonal matrix whose i-th

diagonal block is (0 and whose other diagonal blocks are zero. Then

20
the roots of s0(2n) are the matrices +x; £ z;, 1 < i < j < n. Note that
<7CEZ' + l’j, —x; + xj> = 2.
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Also, the inner product of +z; £ x; with txy, £ x; is 0 if {¢,j} N {k,I} = 2,
and is £1 if {3, 5} N {k,I} is one element. Moreover, the roots —z; + z; and
x; +x; are orthogonal.

If we consider the special case spin(16), then, as a base, we may take the 8
roots: (see [2])
—T1 + 2
—T2 -+ I3
—T3 + Ta
—X4 + 5
—T5 + g
—Te + 7
—X7 =+ xIg
x7 + T8

0 O Ui Wi

Thus, the Dynkin diagram for spin(16) is:

0-0-0-0-0-0-0
12 3 4 5 6 8

(3.3) We shall use the following theorem without proof. The proof can be
found in [1].

Theorem. The algebra Cliﬁ'O(V, Q) is semisimple and so all of its represen-
tations are completely reducible. Moreover, if dim(V) = 4n, then Cliff’(V, Q)
has two self-dual irreducible representations At and A, of degree 22"~ 1 af-
fording representations AT and A~ of spin(4n) having weights:

Ltz tas £ L) (even number of — signs) for AT

(Xzg aot---Ltxa,) (odd number of — signs) for A~.

N|=

Here, the zs are as in 3.2.
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(3.4) In what follows, we will construct the Lie algebra eg. The idea is to first
take spin(16) + AT and work with it for a while. This involves defining an
action of spin(16) on AT, then we choose a nonzero symmetric bilinear map
( Yo+ : AT x AT — R that is invariant under spin(16). Then we use (,) A+
to define a map [,] : AT x AT — spin(16) that is invariant under spin(16).
Then we proceed to give spin(16) + AT an inner product with spin(16) and
AT orthogonal. Then we define a Lie bracket on spin(16) + A1 and show that
spin(16) + AT becomes a Lie algebra with an invariant inner product. After
we do this, we proceed to compute the simple roots of spin(16) + AT and show
that they have the Dynkin diagram associated to FEjs.

(3.5) Since AT is a representation of spin(16) over R, we have that Va €
spin(16), and u € AT, [a,u] € AT and satisfies the Jacobi identity [[a, b] , u] =
[a, [b,u]] — [b, [a,u]]. This is the action of spin(16) on AT that we wanted to
define.

(8.6) Choose a nonzero symmetric bilinear map (,) A+ : AT X AT — R that
is invariant under spin(16).

By invariant under spin(16), we mean that Va € spin(16), ([a,u],v),+ +
(u, [a,v]) o+ = 0.

(3.7) In the following Lemma, we transpose the action spin(16) x AT — AT
to get a map [,] : AT x AT — spin(16).
Lemma. For all u,v € AT, there is a unique [u,v] € spin(16) such that

(@, [u,v])spin16) = (@, u],v) o+ Va € spin(16) and [u,v] is bilinear in u, v.

Moreover, if v,w € C ® AT are such that
8
€2g—1€24V = TV forall g =1,2,...,8 (corresponding to a weight %sz),
=1

8
eaq—162qw = —iw for all g =1,2,...,8 (corresponding to a weight —%Zwi),
i=1
and (v,w) o+ = 1, then

(l) [’U, w] = ’i(€162 —+ €3€4 + ...+ 615616);
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(i)  [e2q2rv, w] = (€241 +i€2q)(€2r—1 + i€2), g <73
(iil)  [e2q1€2q0 - - €2g, 0, w] =0 fm >1and g1 < g2 < -+ < gom.
Proof. ([a,u],v) o+ : AT x AT — R can be thought of as a linear functional

on spin(16) as follows:
Fix u,v € AT and define ¢ : spin(16) — R by

QD(CL) = <[aa u]a v>A+

Then ¢ is linear in a because for ¢1,co € R and aq,as € spin(16), we have:
p(crar + c2a2) = ([cra1 + caaz,u],v) o1 = ([cra1,u] + [c2a2,u], V) o+ =

= (cifar, u] + c2laz, ul,v) o = (crfar, u], v) o v + (e2[az, u],v) o4 =

= c1 ([a1, ul,v) a+ + c2 ([az,ul,v) o+ = c1p(a1) + c2p(az).

Thus, as in [2] page 299, there exists a unique b € spin(16) :
p(a) =(a,b)spin16y  Va € spin(16).
Define [,] : A1 x AT — spin(16) by: [u,v] =b, where b is as above.
Since ¢ is bilinear in u and v, so is b. |

(i) [v,w] is the unique b € C ® spin(16) such that p(a) = ([a,v],w),+ =
(@,b) gpin(1s) Va € spin(16).

- If a = egq—1€24 € spin(16), then
w(a)=([e2g—1€24, V], W) o+ = (2916240, W) p 4 = (IV, W) o+ =1 {V, W) o+ =1
- If a = e,es € spin(16), where e,e; is not of the form es,—1e24, then ¢(a) = 0.

Thus, the unique b must be = i(ejea + ezeq + ... + e15€16). [ |

(ii) Let us do this for egey. That is, let us show that [eseqv, w] =

(e1 +iez)(e3 +ieq). [e2e4v,w] is the unique b € C ® spin(16) such that ¢(a)
(la, e2eqv], w) o+ = (@, ) yinr5) Va € spin(16).

If a = eye,, then p(a) = (ereseaeqv, w) o+ = 0 except when (r, s) = (1,3), (1,4),
(2,3), or (2,4).
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- (r,8) =(1,3) = ¢(a) = (e1e3e2e4v, W) A4 = (—€1€2€3€40, W) 7+
= <7i2fan>A+ - <'U,”LU>A+ =1L

Therefore, the unique b is = ejes + iejeq + ieses — eaey = (e1 +iea)(es + ieq).
[ ]

(iii) It suffices to note that Ve,es, r < s, (er€se2q, €245 =~ €245, Vs W) o4+ = 0.
]

(3.8) By using invariance of (,) (16
under spin(16), the definition of [u,v] for u,v € A", and properties of the
action of spin(16) on AT, we can show that :

) under spin(16), invariance of (, )+

[,]: AT x AT — spin(16) is invariant under spin(16).

(Here, we need to show that Va € spin(16), [a, [u, v]] = [[a,u] ,v] + [u, [a,v]]).

(3.9) Define the inner product (),
R by

(spin(16) + AT) x (spin(16) + AT) —

s

(a+u,b+0v) = (a,b)spinci6) T (W, V) A+ Va,b € spin(16), u,v € AT,

This inner product makes spin(16) and AT orthogonal, it is invariant under
spin(16) by definition, and it is invariant under A™ by definition of [u,v] .
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(3.10) Define the Lie bracket [,],_ : (spin(16) + A%) x (spin(16) + A*) —
spin(16) + AT by:

a,b],, = [a,b]spin16) Va,b € spin(16),

[a,u],, asin the action of spin(16) on At Va € spin(16), u € AT,
[u,a],, = —la,ul,, Va € spin(16), u € AT,
[u,v],. asin Lemma 3.7 Vu,v € At.

€8

(3.11) We have the following theorem.

Theorem. Under the above Lie bracket, [,]
algebra.

o+ 5pin(16) + AT becomes a Lie

[4

Proof. We have to establish the following properties of the Lie bracket:
(Bilinearity) We showed in the previous remarks that [, ] ¢ 18 bilinear.

(Anti-commutativity) We consider several cases:

(1) [a,b), = [a.Blspinie) = — [0+ @lspingrs) = — [b2al,, Va,b € spin(16).

(ii) [a,u],, = —[u,al,, Va€spin(16), uec A*.

(3]

(iii) [u,v],, = — [v,u],, . This is because Va € spin(16), u,v € A™, we have:

(a,[u,v]o, + [v,u],) = (a, [u,v],) + (@, [v,ul,,) = (la,ul,, ,v) + ([a, 0], ,u)
by syrgmetry <[a/7 u]

spin(16).

s ,’U> + <u, [a,v]28> = 0, by invariance of (,) under a €

Since this holds for any a € spin(16), we conclude that [u,v], + [v,ul,, =0

and so [u,v], = —[v,4]

eg eg ’

(Jacobi identity) We consider several cases:
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(i) All of the three variables are in spin(16).
This would then be the Jacobi identity for spin(16).

(ii) Two variables are in spin(16) and the third is in A™.
In this case, we have: [[a, b] ,u] = [a, [b,u]] — [b, [a, u]] = [a, [b, u]] + [u, [a, b]] +
b, [u,a]] = 0.

(iii) One variable is in spin(16) and the other two are in A*.
By invariance of the bracket under spin(16), we have that [a, [u, v]] = [[a,u] ,v]+
[w, [a, v]] which leads to the Jacobi identity. (Look at 3.8).

(iv) All of the three variables are in A*.
This is the case where we use the fact that we are working over spin(16). The
proof can be found in [1]. |

(3.12) Let eg = spin(16) + A" with the invariant inner product (,), and the
Lie bracket [, ]

eg *

Then dim(es) = dim(spin(16)) + dim(A*) = (1)) + 2871 = 120 + 128 = 248,
and it can be shown that the roots of eg are:

- xx;+x; ,1<i<j <8, coming from spin(16) and there are 4(2) =112
of them.

%(ixl +x9+---+x3) (even number of — signs) coming from AT

4
8
and there are E (2 ) = 128 of them.
n
n=0

All these roots have the same length, = 2, and it can be shown that a base
may be given by the simple roots:
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1 %(.1‘1+.’L‘2—$3—$4—$5—$6—l‘7—$8)
T2 + X3

—Z2 + 23

—Z3+ Ta

—x4+ x5

—Z5 + T

—x¢ + T7

—x7 + 8

0 J O U W N

Look at the Appendix to see the roots as matrices.

Most of the calculations for the inner product were done in 3.2. The ones left
are:

(1,1) =2, (1,2) = 0, (1,3) = (3,1) = —1, (1,4) =0, (1,5) = 0, (1,6) =
0, (1,7)=0, (1,8) =0.

Also, remember that (2,3) = 0. Moreover, (i,i+1) = (i+1,i) = —1 for
3<i< 7.

Finally, (2,4) = (4,2) = —1.

2 0-10 0 O
0 2 0 -10 O
-1 0 2 -1 0 O
-1-1 2 -1 0
0 0 -1 2 -1
0 0 0 -1 2 -1
0 0 0 0 -1 2 -1
0 0 0 0 0 -1 2

Thus, the Cartan Matrix is:

OO O OO
OO OO oo

o oo oo

and the Dynkin diagram is:
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Appendix A ’The Roots of eg‘

Here are the roots as matrices: (Look at 3.12)

000O0O0OO0OOOOO0OTO 0@ O

0-100
1000

000O0O0OO0OO0OOOOTO0OQ O

000-1000O0OO0OO0OO0OO0OO0OO0O®O0OQO0

0010

000O0O0OOOOO®OG®O0OG® O

01 000O0O0OO0OGO0OTO0OQO
-10 0 00O0O0O0OO0OO0OO

0000
0 000
0000
0 000
0 000
0000
0 000
0000
0 000
0 000
0 000
0000

00010O0OO0OO0OOO0OTO0OQ
00-10 00 O0O0O0O0GO0O
000O0O0O1O0O0O0OO0OO0OQ O
000O0-10000O0TO0TO0O0

000O0O0OO0OO0OT1TO0OO0OTG 0O

000O0O0O0-1000S00©0

000O0O0OO0OOOO0OOOT1SQO0TOQ

000O0O0OO0OO0OO-1000

000O0O0OO0OO0ODOOO0OTO0T1

000O0O0OO0OO0OOOO0-=-10

000 0 0O 0O O0OOC0OOOO0OOOOO
000 0 0O 0O O0OOC0OO0OOO0OOOOO
000-20 0 00O0O00000O0O00O0
002 0 0 00000000000
000 0020000000000
000 0 2 0 0000000000
000 0 0O 0O O0OOC0OO0OOO0OOOOO
000 0 0O 0O O0OOC0OOOOCOOOO
000 00O 0O0OO0OOC0O0OO0OOO0OO0O
000 0 OO 0OOCOOO0OOOO0OO
000 0 0O 0O O0OOC0OO0OOO0OOOO0O
000 0 0O 0 O0OOC0OO0OO0OOOO0O
000 0 0O 0O O0OOCOOOOOOOO
000 0 OO O0OOC0O0OOD0OOO0OO0O
000 0 0O 0O O0OOC0OO0OO0OOO0OO0O
000 0 0O 0O O0OOC0OO0OOO0OOOO0OO
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00 000 O 0OOC0O0OO0OOO0OO0O
00 000 0O 0OOCOOOO0OOOOO
00 0 20 0 00O0O0O0O0O0OCO0O0O0
00-200 0 0O0O000O00O0O0O0
00 0 00-20000000000
00 002 0 0000000000
00 0 00O O O0OOC0OO0OOO0OOCOO0OO
00 0 00 0 OOCOOOO0OOOOO
00 0 00 0 OOCOOOOOOOO
00 0 00 0 OOOOOOOOOO
00 000 O 0OO0O0O0OD0OOO0O0O
00 000 0O O0OOC0O0OO0OOO0OO0O
00 0 00O 0O 0OOC0OO0OOO0OOO0OO0OO
00 0 00 0 OOOOOOOOOO
00 0 00 0 OOOOOOOOOO
00 000 O 0OO0O0OO0OOO0OO0O

0000 O OO OOO0OO0OGOOO

0000 0 00 O 0O0OO0O0O0O0O

0000 0 00 O 0O0OOO0OOO0OOO

0000 0 00 O 0O0OO0OO0OO0O

0000 0 20 0 00000000

0000-200 0 0O0O000O0O0O0

0000 0 00-200000000
0000 0 02 0 00000000

0000 0 00 O O0OO0OO0OOO

0000 0 00 OO0OOOO0OOOO

0000 O OO OOO0OO0OGOCOO

0000 O OO OOO0OO0OGOOO

0000 0 00 O 0O0OO0O0O0O0OO

0000 0 00 O 0O0OOO0OOO0OO0O

0000 0 00 O 0O0OOO0COO0OO

0000 0O OO OOO0OO0OOGOOO
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000000 O OO O O0OOOOO
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000000 O OO0 O OOOCGOOO

000000 O OO0 O OOOCOOO

000000 O OO O O0OOOOO

000000 O OO O O0OOOOO

000000 O OO0 O OOOOOO

000000 O 20 0 O0OO0O0O0O

000000-200 0 000O0O0O0

000000 0 00-2000000

000000 O 02 0 0O00O0O0O0

000000 O OO O OOOCOOO

000000 O OO O OOOOOO

000000 O OO O OOOCOCOO

000000 O OO O OOOCOOO

000000 O OO O O0OOOOO

000000 O OO O OOOOOO

00000000 O OO O O0OOO

00000000 O OO O OCOOO

00000000 O OO O OCOOO

00000000 O OO O OOOO

00000000 O OO O OOOO

00000000 O OO O O0OOO

00000000 O OO O OCOOO

00000000 O OO O OCOOO

00000000 O 20 0 00O0O0

00000000-200 0 00O0O0

00000000 0 OO0O-20000

00000000 O 02 0 O00O0O0

00000000 O OO O OCOOO

00000000 O OO O OCOOO

00000000 O OO O OOOO

00000000 O OO O O0OOO
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0000000000 O OO O OO

0000000000 O OO O OO

0000000000 O OO O OO

0000000000 O OO O OO

0000000000 O OO O OO

0000000000 O OO O OO

0000000000 O OO O OO

0000000000 O OO O OO

0000000000 O OO O OO

0000000000 O OO O OO

0000000000 0O 20 0 0O

0000000000-200 0 0O

0000000000 O OO-200

0000000000 O O2 0 O0O0

0000000000 O OO O OO

0000000000 O OO O OO

000000000000 O OO0 O

000000000000 0 OO0 O

000000000000 O OO0 O

000000000000 O OO0 O

000000000000 O OO0 O

000000000000 O OO0 O

000000000000 0 OO0 O

000000000000 0 OO0 O

000000000000 O OO O

000000000000 O OO0 O

000000000000 O OO0 O

000000000000 O OO0 O

000000000000 0 20 O

000000000000 -200 0

000000000000 O 00 =2

000000000000 O 02 O
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Appendix B ’The Exceptional Lie Group Eg

dim(Es) = 248

0O 0 O

0O 2 0 -1 0 0 0 O

-10 2 -1 0 0 0 O

Cartan Matriz of Eg‘: 8 —01 —01 _21 —21 _01 8 8
00 0 0 12 —10

00 0 0 0 12 —1

00 0 0 0 0 —1 2
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’ The positive roots of Eg ‘ are:

[1,0,0,0,0,0,0,0], [0,1,0,0,0,0,0,0], [0,0,1,0,0,0,0,0], [0,0,0,1,0,0,0,0],
[0,0,0,0,1,0,0,0], [0,0,0,0,0,1,0,0], [0,0,0,0,0,0,1,0], [0,0,0,0,0,0,0,1],
[1,0,1,0,0,0,0,0], [0,1,0,1,0,0,0,0], [0,0,1,1,0,0,0,0], [0,0,0,1,1,0,0,0],
[0,0,0,0,1,1,0,0], [0,0,0,0,0,1,1,0], [0,0,0,0,0,0,1,1], [1,0,1,1,0,0,0,0],
[0,1,1,1,0,0,0,0], [0,1,0,1,1,0,0,0], [0,0,1,1,1,0,0,0], [0,0,0,1,1,1,0,0],
[0,0,0,0,1,1,1,0], [0,0,0,0,0,1,1,1], [1,1,1,1,0,0,0,0], [1,0,1,1,1,0,0,0],
[0,1,1,1,1,0,0,0], [0,1,0,1,1,1,0,0], [0,0,1,1,1,1,0,0], [0,0,0,1,1,1,1,0],
[0,0,0,0,1,1,1,1], [1,1,1,1,1,0,0,0], [1,0,1,1,1,1,0,0], [0,1,1,2,1,0,0,0],
[0,1,1,1,1,1,0,0}, [0,1,0,1,1,1,1,0], [0,0,1,1,1,1,1,0], [0,0,0,1,1,1,1,1],
[1,1,1,2,1,0,0,0], [1,1,1,1,1,1,0,0], [1,0,1,1,1,1,1,0], [0,1,1,2,1,1,0,0],
[0,1,1,1,1,1,1,0], [0,1,0,1,1,1,1,1], [0,0,1,1,1,1,1,1], [1,1,2,2,1,0,0,0],
[1,1,1,2,1,1,0,0], [1,1,1,1,1,1,1,0], [1,0,1,1,1,1,1,1], [0,1,1,2,2,1,0,0],
[0,1,1,2,1,1,1,0], [0,1,1,1,1,1,1,1], [1,1,2,2,1,1,0,0], [1,1,1,2,2,1,0,0],
[1,1,1,2,1,1,1,0], [1,1,1,1,1,1,1,1], [0,1,1,2,2,1,1,0], [0,1,1,2,1,1,1,1],
[1,1,2,2,2,1,0,0], [1,1,2,2,1,1,1,0], [1,1,1,2,2,1,1,0], [1,1,1,2,1,1,1,1],
[0,1,1,2,2,2,1,0], [0,1,1,2,2,1,1,1], [1,1,2,3,2,1,0,0], [1,1,2,2,2,1,1,0],
[1,1,2,2,1,1,1,1], [1,1,1,2,2,2,1,0], [1,1,1,2,2,1,1,1], [0,1,1,2,2,2,1,1],
[1,2,2,3,2,1,0,0], [1,1,2,3,2,1,1,0], [1,1,2,2,2,2,1,0], [1,1,2,2,2,1,1,1],
[1,1,1,2,2,2,1,1], [0,1,1,2,2,2,2/1], [1,2,2,3,2,1,1,0], [1,1,2,3,2,2,1,0],
[1,1,2,3,2,1,1,1], [1,1,2,2,2,2/1,1], [1,1,1,2,2,2,21], [1,2,2,3,2,2,1,0],
1,2,2,3,2,1,1,1], [1,1,2,3,3,2,1,0], [1,1,2,3,2,2,1,1], [1,1,2,2,2,2,2/1],
[1,2,2,3,3,2,1,0], [1,2,2,3,2,2,1,1], [1,1,2,3,3,2,1,1], [1,1,2,3,2,2,2,1],
[1,2,2,4,3,2,1,0], [1,2,2,3,3,2,1,1], [1,2,2,3,2,2,2,1], [1,1,2,3,3,2,2,1],
[1,2,3,4,3,2,1,0], [1,2,2,4,3,2,1,1], [1,2,2,3,3,2,2,1], [1,1,2,3,3,3,2,1],
2,2,3,4,3,2,1,0], [1,2,3,4,3,2,1,1], [1,2,2,4,3,2,2,1], [1,2,2,3,3,3,2,1],
2,2,3,4,3,2,1,1], [1,2,3,4,3,2,2,1], [1,2,2,4,3,3,2,1], [2,2,3,4,3,2,2,1],
[1,2,3,4,3,3,2/1], [1,2,2,4,4,3,2,1], [2,2,3,4,3,3,2,1], [1,2,3,4,4,3,2,1],
2,2,3,4,4,3,2/1], [1,2,3,5,4,3,2,1], [2,2,3,5,4,3,2,1], [1,3,3,5,4,3,2,1],
12,3,3,5,4,3,2,1], [2,2,4,5,4,3,2,1], [2,3,4,5,4,3,2,1], [2,3,4,6,4,3,2,1],
12,3,4,6,5,3,2,1], [2,3,4,6,5,4,2,1], [2,3,4,6,5,4,3,1], [2,3,4,6,5,4,3,2]
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’ The dimensions of the fundamental representations of Eg ‘ are:

[1,0,0,0,0,0,0,0] 3 875
0,1,0,0,0,0,0,0] 147 250
0,0,1,0,0,0,0,0] 6 696 000
0,0,0,1,0,0,0,0] 6 899 079 264
0,0,0,0,1,0,0,0] 146 325 270
0,0,0,0,0,1,0,0] 2 450 240
0,0,0,0,0,0,1,0] 30 380
0,0,0,0,0,0,0,1] 248

’ The nice result about the Lie algebra, eg, of Eg ‘ is ’ es = spin(16) + AT ‘
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