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Abstract. This paper discusses the properties of Quantum bit (Qubit) and Quantum
logic gates (Quantum not-gate, Hadamard gate and Quantum controlled not-gate
etc.) by the generating element of Pauli algebra (Clifford algebra Cl3).
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1. Clifford Algebra Cl3 and its Matrix Representation

The generating space R3 of Clifford algebra Cl3 is a three-dimensional real
linear space and its basis {e1, e2, e3} under the Clifford product of Cl3 satisfies
[1]:

eiej =
{

1, if i = j,
−ejei, if i 6= j.

(1.1)

Cl3 is 23 = 8 dimensional real associative algebra and it has a basis:
1, e1, e2, e3, e12, e13, e23, e123, where eij = eiej , e123 = e1e2e3.

Take Pauli matrices

σ1 =
[

0 1
1 0

]
, σ2 =

[
0 −i
i 0

]
, σ1 =

[
1 0
0 −1

]
(1.2)
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Let σij = σiσj , σ123 = σ1σ2σ3, σ0 = I2 then

G3 = {a0σ0 + a1σ1 + a2σ2 + a3σ3 + a12σ12 + a13σ13 + a23σ23 + a123σ123

|ax ∈ R, x ∈ {0, 1, 2, 3, 12, 13, 23, 123}}
(1.3)

is an 8-dimensional real associative algebra and is called Pauli algebra.

In fact, G3 = Mat(2, C) ' Cl3(f : Cl3 −→ Mat(2, C), ei → σi, i ∈ {1, 2, 3}
is an algebraic isomorphic mapping). We will discuss the properties of quantum
logic gates by the generating element of Pauli algebra σi(i ∈ {1, 2, 3}) and σ0.

2. Quantum Bit and Quantum Logic Gates

The state space of a single quantum bit (qubit) is a two-dimensional Hilbert
space H2 and its basis states are represented by Dirac notation |0〉, |1〉, whose
conjugates are denoted by 〈0|, 〈1|, the corresponding matrix forms of |0〉, |1〉
and 〈0|, 〈1| are [2-4]

|0〉 =
[

1
0

]
, |1〉 =

[
0
1

]
; [1 0], [0 1]. (2.1)

Any operation of n-qubit logic gates can be finally expressed as the opera-
tion of 1-qubit and 2-qubit logic gates [5], pay close attention to this, firstly, we
give some matrix representation of the typical 1-qubit and 2-qubit logic gates,
then give some matrix representation of n-qubit logic gates.

Example 1. By (1.2) and (2.1), we obtain

σ1|0〉 = |1〉, σ1|1〉 = |0〉 (2.2)

So Pauli matrix σ1 is called quantum not-gate and denoted σ1 = QN .

Example 2. Let QH =
√

1
2 (σ1 + σ3), then

QH |0〉 =

√
1
2
(|0〉+ |1〉), QH |1〉 =

√
1
2
(|0〉 − |1〉). (2.3)

QH is called Hadamard gate or Walsh gate.
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Quantum not-gate QN and Hadamard gate QH satisfy

Q2
N = Q2

H = I2 = σ0. (2.4)

Example 3 (phase gate). The phase gate S =
[

1 0
0 i

]
can be represented

by Pauli matrix as

S =
[

1 0
0 i

]
=

1
2
(σ0 + σ3) +

i

2
(σ0 − σ3) =

1 + i

2
σ0 +

1− i

2
σ3. (2.5)

Example 4 (π
8 gate). π

8 gate or called T gate T =
[

1 0
0 e

iπ
4

]
can be

represented by Pauli matrix as

T =
[

1 0
0 e

iπ
4

]
=

1 + e
iπ
4

2
(σ0+σ3)+

i

2
(σ0−σ3) =

1 + e
iπ
4

2
σ0+

1− e
iπ
4

2
σ3. (2.6)

Example 5 (rotation gate). The rotation gate Rθ =
[

1 0
0 eiθ

]
can be

represented by Pauli matrix as

Rθ =
[

1 0
0 eiθ

]
=

1 + eiθ

2
σ0 +

1− eiθ

2
σ3. (2.7)

the phase gate S = Rπ
2

and π
8 gate T = Rπ

4
.

The state space of a two-qubit is a four-dimensional Hilbert space H2
2 =

H2 ⊗H2. The basis states of H2
2 denoted by |00〉, |01〉, |10〉, |11〉, and the cor-

responding matrix forms are

|00〉 =
[

1
0

]
⊗

[
1
0

]
=


1
0
0
0

 , |01〉 =
[

1
0

]
⊗

[
0
1

]
=


0
1
0
0

 ,

|10〉 =
[

0
1

]
⊗

[
1
0

]
=


0
0
1
0

 , |11〉 =
[

0
1

]
⊗

[
0
1

]
=


0
0
0
1

 . (2.8)
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Example 6. Define

QCN =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 (2.9)

is called quantum controlled not-gate, and

QCN |00〉 = |00〉, QCN |01〉 = |01〉, QCN |10〉 = |11〉, QCN |11〉 = |10〉. (2.10)

Obviously, Q2
CN = I4, and is represented by Pauli matrix as

QCN =
[

σ0 0
0 σ1

]
. (2.11)

Ordinarily, the state space of an n-qubit is a 2n dimensional Hilbert space

Hn
2 = H2 ⊗H2 ⊗ · · · ⊗H2 = H⊗n

2 . (2.12)

The basis states of Hn
2 are represented by

|δ1δ2 · · · δn〉 ≡ |δ1〉|δ2〉 · · · |δn〉 ≡ |δ1〉 ⊗ |δ2〉 ⊗ · · · ⊗ |δn〉, (2.13)

where δi ∈ {0, 1}, i ∈ {1, 2, · · · , n}.

Example 7. Let W2 ≡ QN , define quantum logic gate of 2-qubit W4 as
follows

W4 = W2 ⊗W2 =
1
2


1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1

 , (2.14)

W4 can be represented by Pauli matrix as

W4 =
1
2

[
σ1 + σ3 σ1 + σ3

σ1 + σ3 −(σ1 + σ3)

]
, (2.15)

and

W4|x0x1〉 = 1
2 (|0〉+ (−1)x0 |1〉)(|0〉+ (−1)x1 |1〉)

= 1
2 (|00〉+ (−1)x1 |01〉+ (−1)x0 |10〉+ (−1)x0+x1 |11〉).

(2.16)
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Define a quantum logic gate of n-qubit W2n as follows

W2n = W2 ⊗W2n−1 =
[

W2n−1 W2n−1

W2n−1 −W2n−1

]
, (2.17)

is called n-qubit Hadamard gate.

Example 8. Let

QT =



1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0


, (2.18)

is called Toffoli gate and it can be represented by Pauli matrix as

QT =


σ0 0 0 0
0 σ0 0 0
0 0 σ0 0
0 0 0 σ1

 =
[

σ⊗2
0 0
0 T2

]
, (2.19)

where T2 = QCN and

QT |x0x1x2〉 = |x0x1(x2 ⊕ x0x1)〉, (2.20)

where 0⊕ 0 = 1⊕ 1 = 0, 0⊕ 1 = 1⊕ 0 = 1.

Let

T2n =
[

I2n−1 0
0 T2n−1

]
(2.21)

is called n-qubit XOR gate and it can be represented by σ0 as

T2n =
[

σ⊗n−1
0 0
0 T2n−1

]
. (2.22)

When n = 2, the XOR gate is quantum controlled not-gate QCN , when n = 3,
the XOR gate is Toffoli gate QT , and

T2n |x0x1 · · ·xn−2xn−1〉 = |x0x1 · · ·xn−2(xn−1 ⊕ x0x1 · · ·xn−2)〉. (2.23)
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Example 9 (Bell basis). In the state space of 2-qubit the H2
2 = H2⊗H2,

take orthonormal basis |00〉, |01〉, |10〉, |11〉. Let

|Φ±〉 =
√

1
2 (|00〉 ± |11〉),

|Ψ±〉 =
√

1
2 (|01〉 ± |10〉).

(2.24)

The states in (2.24) also form an orthonormal basis of H2
2 , and is called Bell

basis.

By Pauli matrices to form quantum logic gates of 2-qubit as follows

Ua =
[

σ0 0
0 σ3

]
, Ub =

[
σ0 0
0 −σ3

]
, Uc =

[
σ1 0
0 σ1

]
, Ud =

[
σ1 0
0 σ1σ3

]
. (2.25)

By (2.24) and (2.25), we obtain

Ua|Φ±〉 = |Φ∓〉, Ub|Ψ±〉 = |Ψ∓〉;

Uc|Φ±〉 = |Ψ±〉, Ud|Φ±〉 = |Ψ∓〉.
(2.26)
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