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Abstract. This paper discusses the properties of Quantum bit (Qubit) and Quantum
logic gates (Quantum not-gate, Hadamard gate and Quantum controlled not-gate

etc.) by the generating element of Pauli algebra (Clifford algebra Cls).
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1. Clifford Algebra Cl3 and its Matrix Representation

The generating space R? of Clifford algebra Cl3 is a three-dimensional real
linear space and its basis {e1, ea, €3} under the Clifford product of Cl3 satisfies

[1]:

_ Loaif =7,
©ir = { —eje;, if iF# . (D)

Cly is 2% = 8 dimensional real associative algebra and it has a basis:
1,e1,ez,e3,e12, €13, €23, €123, Where e;; = e;e;, e103 = ejezes.

Take Pauli matrices
01 0 —1 10
0-1|:1 0:|70-2|:Z O:|50—1|:0 _1:| (1'2)
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Let 045 = 0404,0123 = 010203,00 = IQ then
Gs = {apoo + a101 + a209 + a3os + a12012 + A13013 + G23023 + A1230123

laz € R,z €{0,1,2,3,12,13,23,123}}
(1.3)
is an 8-dimensional real associative algebra and is called Pauli algebra.

In fact, G3 = Mat(Q,C) ~ Clg(f :Cly — Mat(Z,C),ei — 04,1 € {1,2,3}
is an algebraic isomorphic mapping). We will discuss the properties of quantum
logic gates by the generating element of Pauli algebra o;(i € {1,2,3}) and 0.

2. Quantum Bit and Quantum Logic Gates

The state space of a single quantum bit (qubit) is a two-dimensional Hilbert
space Hy and its basis states are represented by Dirac notation |0),|1), whose
conjugates are denoted by (0|, (1], the corresponding matrix forms of |0),|1)
and (0|, (1| are [2-4]

1 0
0) = (1) = ;[10],[0 1]. (2.1)
0 1
Any operation of n-qubit logic gates can be finally expressed as the opera-
tion of 1-qubit and 2-qubit logic gates [5], pay close attention to this, firstly, we
give some matrix representation of the typical 1-qubit and 2-qubit logic gates,
then give some matrix representation of n-qubit logic gates.
Example 1. By (1.2) and (2.1), we obtain
o1l0) = 1), o1/1) = [0) (2:2)

So Pauli matrix o7 is called quantum not-gate and denoted o7 = Q.-

Example 2. Let Qg = \/g(al + 03), then

Qul0) = \/g(|0> +11)),@Qnl1) = \/g(|0> —[1). (2.3)

Qg is called Hadamard gate or Walsh gate.
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Quantum not-gate @ and Hadamard gate Qg satisfy
Qy = Q¥ = I = 0o. (2.4)

Example 3 (phase gate). The phase gate S = [ (1) (z)} can be represented

by Pauli matrix as

10 1 ) 1+ 1—1
S = |:O Z] —5(0'04-0'3)4-5(0'0—0'3)— 5 0'0+T0'3. (25)
10
Example 4 (§ gate). T gate or called T gate T' = 0 o | A1 be
represented by Pauli matrix as

im

T:[l 0}:1+e’1 i 1+eT 1—e7

0 e%r 9 (0'04-0'3)4-5(00—03) = B oo+ 9 g3. (26)

Example 5 (rotation gate). The rotation gate Ry = [(1) 6(39} can be

represented by Pauli matrix as

Ry =

1 10 1— 0
{1 O}: te ° o (2.7)

0 eif 5 00 + 5
the phase gate S = Rz and § gate T'= Rz.
The state space of a two-qubit is a four-dimensional Hilbert space H2 =

Hy ® Hy. The basis states of H2 denoted by |00), |01),]10), |11}, and the cor-
responding matrix forms are

w-[i]o[3]-

= (3o [2)- |3
0

oo o

10) = | §
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Example 6. Define

1000
0100
0010

is called quantum controlled not-gate, and
Qcn|00) = [00), Qen|01) = |01), Qen[10) = [11), Qen|11) = [10).  (2.10)

Obviously, QQC ~ = 14, and is represented by Pauli matrix as

Qon = [UO 0 } . (2.11)

0 o1
Ordinarily, the state space of an n-qubit is a 2™ dimensional Hilbert space
H})=Hy®Hy® - ® Hy = HY". (2.12)
The basis states of HY are represented by
0162+ -+ ) = [61)[02) -+ [6n) = [01) ® [62) @ -+ @ [dn), (2.13)
where §; € {0,1},i € {1,2,---,n}.

Example 7. Let Wy = Qu, define quantum logic gate of 2-qubit Wy as
follows

1 1 1 1
1(1-1 1-1
Wy=Wo@ Wy = 501 1 -1 -1 (2.14)
1-1-1 1
W, can be represented by Pauli matrix as
1 01 -|—O'3 g1 +03
Wy = 2.15
YT 2 o1tos —(o1+03) |7 (2.15)
and
Wilzoz1) = 5(0) + (=1)*[1))(|0) + (=1)"[1))
(2.16)

(100) + (=1)*101) + (=1)™[10) 4 (=1)*F*1[11)).

N
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Define a quantum logic gate of n-qubit Wo» as follows

_ _ W2n71 Wgn—l
Wan = Wo @ Wan-1 = Wt — W s
is called n-qubit Hadamard gate.
Example 8. Let
(100000007
01000000
00100000
Or = 00010000
T~ looo001000]"
00000100
00000001
(00000010 |

is called Toffoli gate and it can be represented by Pauli matrix as

oo 0 0 O
Qr=| 000 0 0f_ o 0 7
0 00’0 0 0 T2
0 0 0o
where Ty = Qcn and

Qrlzoz122) = |ToT1 (T2 B T0T1)),

where 0 0=161=0,0061=100=1.

Let

I 0
TQ"_[ 0 Thus |

is called n-qubit XOR gate and it can be represented by o¢ as

089"71 0
O TQn—l ]

229

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

When n = 2, the XOR gate is quantum controlled not-gate Qcon, when n = 3,

the XOR gate is Toffoli gate @, and

Ton

Toxy -+ 'ﬂfn—szn—1> = |$0$1 ce mn—2($n—1 ® roxy - 'ﬂfn—2)>~

(2.23)
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Example 9 (Bell basis). In the state space of 2-qubit the H3 = Hy ® Ho,
take orthonormal basis |00), |01), |10}, |11). Let

%) = /3(100) + [11),

N ; (2.24)

) = \/5(01) % 10)).
The states in (2.24) also form an orthonormal basis of H2, and is called Bell
basis.

By Pauli matrices to form quantum logic gates of 2-qubit as follows

Ua—{(’o O],Ub—[(’o 03},@—{(’1 0],%—{”1 0 ] (2.25)

0 o3 0 —0o 0 o1 0 o103
By (2.24) and (2.25), we obtain

Ua|®F) = |OF), Up| W) = [TF);
(2.26)
Uc|(I)i> = |\Iji>7Ud‘(I)i> = ‘\II:F>
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