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Gravitational field energy approach to interaction from START
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Gravitation can be casted as a mathematical structure and a physical theory by itself. The steps are: to define
the interacting Fields (bodies), to define the interaction and its properties, to define the energies and forces
involved, to show the self consistency of the mathematical structure involved, and a discussion of the (pro-
portionality) relation between gravitational and inertial mass. The mathematical frame for this development is
a 5-D quadratic space reference manifold: space, time and action (START). This requires the introduction of
Principles (in the theory analytical mathematical quantities defined by their use) and the derivation of Laws
(mathematical relations among the derivatives of of the basic fields). All known properties of the physical
manifestation of gravitation are self-consistently derived.
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1 Gravitation

Gravitation is an example of a physical theory where the description of nature is based both on direct observation
of phenomena as seen by the observer and a collection of theoretical variables which can be either semi-intuitive
(as the concept of force) or totally theoretical (as the concept of work) or primitive as space, time, material
objects, system, where the use defines the concept itself.

The primitive concepts are defined in a tautological cycle: space is related to the loci of material objects,
material objects are defined as that which occupies a volume in space, and time is perceived as a parametrization
of the succession of changes for the material objects and space. For a mathematical theory of gravitation the best
point of departure is to define a manifold describing these quantities.

As mentioned in the abstract our presentation will cast Gravitation as a physical theory by itself. define the
basic manifold, define the interacting bodies, define the interaction and its properties, to define the energies and
forces involved, and finally show the self-consistency of the mathematical structures involved.

2 Gravitation from START

The acceptance of space and time as primitive concepts, parametrized by a 4-D manifold(say), is now
universal in physics. Here matter and radiation are presented mathematically as a density of energy in space.

For a static matter—radiation distribution the space—time density of action is trivially equivalent to a density
of energye/AxzAyAz in space for a given observerThe next step is to define a space—time—action 5-D mani-
fold. This is a generalization of the quadratic form which historically started with the Pythagorean formulation.
Schematically:
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.Quadratic form of differential interval Dimension/Op.| Basic Group
(d)? = (dz)” + (dy)” + (dz)°>  (At) 3D V,V? Galileo
(ds)? = (cdt)? — ((dx)” + (dy)® + (dz)°) | 4D D, Poincaé

(dS)” = (cdt)? — (dz® + dy? + dz*) —dw?® | 5D K, K> START
where we are defining for the action and for its differential

| w=rwa, ko =do/h=c/Eg) | dw? = (dw)* =%, (de, (da/dz,))” |
herel, (z,y, 2), ¢, h, w, a, E(y) are distance, distance components, vacuum speed of light, Planck’s constant,
distance equivalent to action, action of a system and characteristic energy of the system respectively. Notice that
in a physical description of motiofilz,,)* = (dt (8z,/dt))* = (dtv,)” using the velocities,, as fundamental
quantities and time as the basic parameter (f{@tg'dz,) = p, energy-momentum defining ACTION and
considering space-time as a fundamental frame of reference).

There is a nesting from the genesglace-time-actiormanifold {with quadratic formQ s, which induces
a Clifford AlgebraCl; 4}.

Once the basic geometry is defined Physics is introduced through
the: START Relativity Principle and the:START Description Principle

o “All trajectories describing physical objects are

null for all observers”

e “The vacuum Speed of Light isc for all observers”

e “Physical objects are described by

bundles of null trajectories”

¢ “The environment of physical objects is described by
interaction potentials and chemical potential$

The null trajectories condition reduces the five dimensions to effective four dimensions. The interaction po-
tentials describe energy-momentum being shared.

Our geometrical structure allows the development of a new, deductive scheme, formalism. For this purpose
we need a minimal set of FUNDAMENTAL PRINCIPLES and POSTULATES, in such a form to obtain a
comprehensive theory for Physics:

START Relativity (the laws of physics are invariant under a 5-D Poigamoup which includes 5-D Lorentz
transformations);

Existence(physical objects are represented by energy densities);

Least Action (physically acceptable ‘trajectories’ correspond to null, optimal possible, trajectories in START);

Quantized Exchange of Action(we can define systems or subsystems as those among a quanta of action can
be exchanged) and,

Choice of Descriptions(we should allow all useful physical models to be employed and properly based in
START).

2.1 Action Density and its partial derivatives: energy—momentum

Multivector Representation. The base spacR® corresponds to the real variables $et, z,vy, 2, kpa} «
{2Y;U =0, 1,2, 3,4} thatis: time, 3-D space and action (all in units of distance, introducing for time the univer-

sal speed of light in vacuumand, for action, the system under observation depengeat \YStem With energynoc /p,
p g Y p

) Compton
1/moc wheregoer " "% — he/E and By = moc?). In the most common approach to physics time is

usually taken as an independent evolution coordinate and action (from matter and interaction) is distributed in
space, then we need to consider the functiafs$, y(¢), z(¢) andw(t, x, y, 2) = koa(t, z,y, z). The linear forms
for the description are the nested vectors

dSZZdeUeU;UZO,l,Q,?;A 5—-D
dS:Zde#eu; uw=0,1,2,3;e, =e4e, 4—D
dx:21dIZeL7Z:17273,eL:eOQ 3_-D
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where the nesting obeysdS = >, dzYesey = ds — d(koa) and @ds = >, drtepe, = d(ct) + dx,
members of a Clifford algebra generated by the definition of a quadratic form

dS? = (dS)? = (ZU deeU)2 =3 g TV da

9o T = diag (1,-1,-1,-1,-1) , eyey = —evey

e = egeresezey = —el epe = eey Withe? = 1
The quadratic form which is more relevant for Physics considers that observable objects are extended in space
and then an action density fietdin space-time is required.
We also have the corresponding 5-D vector derivafior: ", eV and its scalar squai€? = ", 9y0Y.
And the (in START) space-time Laplacian operdibe ZM e, 0" such that alond = ZN bte,, the directional
change operator igb - L = 3°  [db"9*] (we apply four times fob = cteo, ve1, ye2, ze3). Then we can obtain
the sum of the four mutually orthogondirected changes of the actiom:

dw = Z# [(OHw(x,t)) dzt] e, = Ko Z# [(pn) dz*] ey,

the contributions>,, ([(p,) dz*] e,))? to the action differential square allow to write for the START squared
differential (xop,, is adimensional and, = gfﬁf)

(aS)* = (1= (kop0)”) (cdt)?+
— (1= (om)?) (d2)” + (1= (0m2)”) () + (1= (ops)” ) (d2)%)

for variablep,, we can speak in terms thia@nergy-momentump,, (x,t) ‘generates’ curvature in a 4-D space-
time subspace ofdS)” ". In general

ds? = gyydaYdaV — glM(X)dx“dx)‘

Q;LA(X) = g/(:))\) - 19/1)\()() ) U7V = 07 741 .ua>‘ = Ov 73 (1)

presentinqu)2 as a (locally embedded in 5-D) 4-D curved space.

A system to be studied is characterized by an action distribution, a scalar density at each point of space—
time. The total density of action is a sum of contributions, which for description purposes, can be called the
constitutional action corresponding to the carriers mass anditteraction part of the action, corresponding
to a description dependent part.

This paper analyzes gravity, then it centers on the system-environment interaction part. Within the theory it
is fundamental to include the vectey, (e4)2 = —1 related to the action density and then to the energy and
momentum densities.

2.2 A Covariant Extension of Newtonian Gravitation

Let us formally show that the gravitation (covariant in space-time) equations and their standard textbook form are

analytical properties of the third derivatives of the action density attributed to a test carrier as induced by a col-

lection of interacting carriers (carriers for which the action and the energy—momentum is shared but partitioned).
Then if in the reference frame of a given observer the induced action density, denoted By, per unit

“charge” of a test carrier £puc, in this case the charge responsible for the interaction is the mass), at space—

time pointX = z*e, (herey = 0,1,2,3 andz® = ct and the space vectots= ¢'e; = ¢;€ ,i = 1,2,3 are

written in bold face letters), then the related energy density (puc) and the induced momentum genaityt,

charge of the test carrier, would be

_ 0ac(X) g Oa.(X) N
GS(X) - ot ) Pe = pe,ze - (W + ARpe,z)e7 (2)
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and the, by definition, gravitational field intensiiyis the force (puc) corresponding to this terms

_ 0€.(X) 317” Ope
B= (T g )¢ = V&) + 55
with time dependence
OB 9€.(X)  %p., Pac(X) 5, 0 (Arpes) 4

o~ Taor oo ° T Growion (1)

Otherwise, by definition of interacting carriers, we have added in (2) the fefmp, ;e* as the effect of the
conservation ointeraction transverse momentabetween the field representing the rest of the carriers with that
sort of charges. In START this is, by definition, the origin of a geomagnetic field inteBsity B.e* that will
appear as the curl of the momentum (puc) of an interaction field acting on a carrier, the space axial vector

B= (8p“(X)) e/ x€ =V xp,,
oxJ

with time dependence

aiB 0? pz(
ot Otz

The space variation dE, including for this carriers thateraction transverse momenta

)e’xe

VE=V-E+VxE, ©)

will then also include a transversal (rotational) term

anj (X) ; . 0B .
=———exe=——. 2nd Grav Equation
dzior ¢ ot ( quation)
Relation which is the direct derivation in START of the gravitational equivalent of a well known Maxwell equa-
tion. The scalar ternV - E being a divergency of a vector field should be defined to be proportional to a source

density

B 0°a, 0 2, .
~ o —Z<axzaxzat> 57 ae(X); (1st Grav Equation)

and will be given full physical meaning below.
For the space variation @ we haveV B = V- B 4+ V x B. The first term vanishes identically in our theory
because it corresponds to the divergence of the curl of a vector field

V-B=0, (3rd Grav Equation)
while the last term, using x V. x W =V (U -W) — (U - V)W

E .
V xB =V (V% (X)) = V’pe = pg(J + egaa—t), (4th Grav Equation)

where the additional dimensional constaptis needed to transform from time units (used in the definition of a
current] =V (VQaS(X)) /11g) into distance units and, x, will have then units off>/D? or inverse velocity
squared, in fact (see belowY?2. The 4th Grav Equation, definin is related to a Lorentz transformation of the
1st Grav Equation. There is also, see below, an energy—ddﬁs—i:ty—(ego/Q)Eg and an energy-flux-density for
the fieldR =c[E, x H,] .

A comprehensive theory of gravitation should use this formal structure, by construction is a one-to-one map
of the electromagnetic Maxwell equations and effects. This is a universal interaction structure, for eabbftype
charge there is a pait {, 114) of coupling constants.
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610 Jaime Keller: Gravitational Field Energy from START

The derived gravitational interaction equations extend and are formally equivalent to the original Newton
equations, then they are: first local equations and second linear in the squaceklj.

Both the 4th Grav Equation, definirdg related to a Lorentz transformation of the 1st Grav Equation, defining
p,can immediately be integrated. The space divergence of a hon-solenoidal vector fiddisikemmediately
interpreted as its ‘source’ given that in the volume elenSxk

AE = (V- E) SAx,

and this equation is integrated using the standard geometric theorem that the volume integral of a divergency
V - E equals the surface integral of the normal (to the surface) component of the corresponding veaiclHield
Wheren is a unit vector perpendicular to the surfa®n the text-book formula belo® = 472 corresponding

to an integration sphere of radiuscontaining a spherically symmetric source dengity) generating a force

field per unit chargd& = E(r)%) of the integration volum& = 4713 /3:

4 1 .
/ (V-E)dV = | —Zm(r')y2dr’ = —M = / B T gs ar2p(r)
v v 69 €0 T
r M r GMr
E = E _Y——— = —— . = 7r.
(T)r dmegr? T r2 r’ ren=r

That is:the inverse square law of the Newtonian (and Coulombic) forces are geometrical consequences of the
definition of interaction among “charged” carriersBut this is not a derivation of the values of thiewtonian
and Coulombiconstantss andey.

2.3 The Energy of the Gravitational Field

By construction the static gravitational field is conservative, and written in terms of a scalar poléntiakV ¢.
The gravitational force on a mass is writtenf = mE. The workthe observewould have to do against

gravitational forces in order to move the mass from péirto point P’ isW = — flfl f - dl. No work is needed
to place the first mass in positionat In order to bring the second mass into positiom-atwve have to do work
Wy = G e agalnst the gravitational field generated by the first mass. This result can easily be generalized

—Iry

to N massesW = -G Z sz e ";7 Consider the potential energy of a continuous mass distribution. Write

W:%/ ppd®r, ande (r) =

47‘(’6,]0 |r A

whereg (r) is the scalar potential generated by a continuous mass distribution. Substituig, V - E to write

_ €90 :
W—%/qﬁV-Ed“r.
V- (E¢) =¢V-E+E V¢ andVe = —

_e0 Uv (E¢)d /E2d3r]:—630</S¢E-d5+/vE2dV>v

hereV is a large volume which encloses all of the masses Saisdts bounding surface whergE decreases as
1/r3. ThenW reduces to

to obtain

_ €0 2 13
W__7 E;d’r,

where the integral is over all space. The (hegative) potential energy of a continuous mass distribution is stored in
the gravitational field. By construction we then find that a gravitational field possessesm@y density

U = 690 E2
The inertia of the energy is also a consequence in our theory.
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2.4 The Action of a Body in a Gravitational Field

For the massive carrier field at re&t = (&, + A5)2 , whereA¢£ is a gauge-free energy contribution afid=
2
mopc~.
The concept of test carrier in gravitation, even in general relativity for example in the Schwarzschild solution,
is compatible with the Newtonian limit for the interaction gravitational energy
GM
AE (r) = —mog—,
r

where M is the mass of ‘the source’ we are exploring with the test particle. Consider the changes in energy-
momentum arising from the interaction:

E2 — 2 = £2 + 250AE + (AE)® — &2 = (pc)® — (poc)®

2
= 2E0AE + (A5)2 — —2m002m0% + (mow) ,
r r
v GM GM\°
p* = (mov + AP)Q = <(m0v)2 —2mp——— + <m0> )
cC cr cr
and space spherical coordinates, 0, ¢, we obtain for the action

2
(da)2 = ((moc2)2 — 2moc? mofM + <moGiw> > (cl?f)2 (4)

GM GM\*

2 2 2 2 2
_ <(mou) - 2movc—r + (mocr) ) {(dr) + 7= (d2) }
which, on multiplication by the ‘action as a distance’ factes)® = (1/mqc)’

2
(ds)? = (1 _oGM (GM) > (cdt)® (5)

cr cr

_ ((2)2 - zg%‘f + (gfr)z) {(dr)2 42 (dQ)Q}

contains, in the limit of- > GM/c?, the same physical implications as the Schwarzschild metric but with the
speed of light always for all observers.

The negative of the second derivative of a field is proportional to the source, by definition. The source of
the “curvature” is either the mass density (in the second term) or the energy of the gravitational field density (in

the last term). The energy of the gravitational field, from the second derivati(@M/c%)Q, turns out to be

negative as corresponds to an attractive interaction.
The square root of (4) divided hjt is the ordinary Lagrangian for a particle in a gravitational field.
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