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From START to many-fermion:
Principia Geometrica Physicae

Jaime Keller

ABSTRACT We show that quadratic spaces are a fundamental clue to under-
stand the structure of theoretical physics. Classical Physics is embedded within
a 5-D flat quadratic space, 3 Space-, one Time- and one Action- like basis mani-
folds (Lorentz signature 1,4) faithfully providing a Relativistic Theory (START)
describing Newtonian, Maxwell, geometrical optics and General Relativity as par-
ticular linear and quadratic forms of this (flat) START space. The 5-D space has
a quadratic form which maps the real quadratic form of a complex 4-D space-time
dS? = dSedS" . Particles and their interactions are described from this point of
view. Otherwise for the understanding of a many electron quantum mechanical
(QM) system, with all its QM intricacies, is straightforwardly presented consid-
ering the QM ”density” as a quadratic form and the QM ”wave function” as its
corresponding linear form.

0.1 Principia Geometrica Physicae

Physics is understood as the science describing nature as a whole in a
useful way. For the Scientific Method (SM) the usefulness requires that
two observers will find in their experiments similar phenomena and describe
them with similar logical structures. In this paper we show that a flat 5-D
Lorentz Geometry is the most useful formulation.

e 1. Twofold central purpose of START: first to have a description
of nature, the way we perceive it with our senses and experi-
ments, useful in accordance with the Scientific Method. Second
START is aimed to be a valid general mathematical the-
ory for all the fundamental physical objects and the frame of
reference we use for their description.
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2. By construction Planck’s constant h is used in the definition of
the equivalent distance corresponding to action.

3. The 5-D START geometry is presented as a flat Lorentzian
manifold, time-like oriented in which all matter and light rays
correspond to null lines. Massive objects are described as bun-
dles of null trajectories in START. Observers to 4-D time-like
trajectories.

4. When interactions are included the trajectories of all physical
objects remain to be null trajectories which can also be rep-
resented as null geodesics in a curved 4-D subspace embedded in
the START manifold. The curvature will obey a set of equations
of which optics in a refractive medium or Einstein’s equations
of general relativity are particular cases.

5. The description of physical phenomena connects with the
START geometry.

6. START provides a unified presentation and a common math-
ematical language. Descriptions with START are simpler. The
unity of approach and the easiness of the procedures also pro-
vides a badly needed didactical procedure to understand theo-
retical physics.

7. The generality of the mathematical structures, based on Grassmann-
Clifford algebra is explicitly illustrated.

8. All names in theoretical physics (energy, momentum, action,
charges, etc.) are given their usual connotation and relation-
ships. New, additional, relationships are found though.

9. The frame of reference is space( x )-time( ¢t ). The action variable(w =
adg/h) of each system S under consideration is expressed in
units of an equivalent distance dg/h , where h is Planck’s con-
stant and dg = hc/EéO) the system’s Compton wavelength. c
and h are universal, whereas x, t and w are observer’s relative.

0.2 The Quadratic Form in Physics

Principia Geometrica Physicae: Quadratic spaces are the fundamental
clue to understand the structure of theoretical physics.

The structures of Physics are embedded within a 5-D flat quadratic space,
3 Space-, one Time- and one Action- like basis manifolds (Lorentz signature
1,4) faithfully providing a Relativistic Theory (START).

Theories and models as particular linear and quadratic forms of this
(flat) START space.

Our formulation claims that there is a useful generalization of the quadratic
form which historically started with the Pythagorean formulation.



1. From START to many-fermion: Principia Geometrica Physicae 3

Quadratic form Dim/diff. Op Group
P=22+y2+22 (A 3D V,V? Galileo
s2 = (ct)? — (22 + y? + 2?) 4-D D,1? Poincaré

52 = (ct)? — (2® + y* + 2%) — w? 5D K,K? Dynamics

_ d c —\2 :

w = K(0)a, ko) = —> = o @ =%, a START

where 1, (2,9,2), ¢, h, w, a, E(g are distance, distance components,
vacuum speed of light, Planck’s constant, distance equivalent to action,
action of a system and characteristic energy of the system respectively.
Physics through the: START Relativity Principle
“All trajectories are null for all observers”
“The vacuum Speed of Light is ¢ for all observers”

Our geometrical structure allows the development of a new, deductive
scheme, formalism.

FUNDAMENTAL PRINCIPLES and POSTULATES, in such a form to
obtain a comprehensive theory for Physics:

START Relativity (5-D Poincaré group and 5-D Lorentz transforma-
tions);

Existence (physical objects are represented by energy densities);

Least Action (null, optimal possible, trajectories in START);

Quantized Exchange of Action (defines systems or subsystems as
those among a quanta of action can be exchanged) and,

Choice of Descriptions (allows all useful physical models to be em-
ployed).

0.3 Multivector Representation

The base space R® corresponds to the real variables set {ct, z,v, z, Koo} <
{z%;u =0,1,2,3,4} that is: time, 3-D space and action (in units of distance
introducing the universal speed of light in vacuum ¢ and the system under

. 2
observation dependent o = )\g’jﬁﬁoﬁth nergyme Ih = ¢/E [= 1/mygd]).
For physics time is usually an independent evolution coordinate and action
(matter and interaction) is distributed in space, then we consider the func-

tions z(t),y(t), 2(t) and w(t,z,y,2) = koa(t, z,y,z). The nested vectors

dSzzﬂdm“eu;u:0,1,2,3,4 5—D
ds:zudx“eu;u:0,1,2,3;euze4eu 4—-D
dx =) .dr'e;;i=1,2,3; e = ege; 3—D
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are members of a Clifford algebra generated by the definition of a quadratic
form

2
2 2 START
ds? = (dS)* = (3 dave,) =Y o Tdatda,
gSTART — diag (1,—1,—1,—1,—1) , eyey = —€yey
€ = €p€1€2€3€4 — —eT €y = €€y,

The quadratic form which is more relevant for Physics considers that ob-
servable objects are extended in space and then an action density « in
space-time is required. Then, defining m(x,t)c? = eiora(X,t), and the
(Clifford algebra valued) inverse of the space-time volume egejeses/AxAyAzAt,
and the space-time Laplacian operator 0 = Zu e”0, such that along

b= >, 0", the directional change operator is db-0 = >_ db*9, (we
apply four times for b = cteg, xeq, yea, zes ), we can obtain the sum of the
directed changes of the density of w:

_ _ m(x,t)c2At 1 m(x,t)EAt  (m(x,t)/mo)et
a(x, t)€4 - Iﬁl()Oé(X, t)€4 = ko Az AyAzAt~ — moc AszAzAte T AzlAylzAt €
a(x t)e _ (m(x,t)/mo)cAt _ w(x,t) e — w(x t)e
»v)c4 AzhyAzAt AziyAzAt )

edw =3, [(Opw(x,t)) dzt] e e
therefore we also write for the START squared differential
(d5)” = (dS) (dS)" = (1 = (rop0)”) (cat)*+

= (1= (rom)?) (d2)” + (1= (0m2)”) () + (1= (ops)” ) (d2)%)

“energy-momentum ‘generates’ curvature”

a (locally embedded) 4-D curved space where p, = 0,a(x,t) is a momen-
tum density.
w(x,t) distance equivalent to a reduced action density.

SPACE + TIME + ACTION
+
FUNDAMENTAL PRINCIPLES
and POSTULATES (Carriers)

4

and carriers were p = U o Wt

START GEOMETRY
were ||dS|” = dS e dSt

7 / N\
General Relativity Quantum Mechanics Standard Model

1 Guiding example: 5-D Formulation of OPTICS

The example of geometric optics in a refractive medium is used as a guiding
concept to ilustrate the enlargement of the representation space of physical
phenomena to 5-dimensions.
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We show that considering the concept of light propagation in the medium,
where the speed of light is lower, a geometry in 5-dimensions appears as a
natural frame of reference

dS? = ds* — (koda)?

ds® is the Poincaré-Einstein-Minkowski 4-D space-time quadratic form.
Below we show that General Relativity is also faithfully represented in this
quadratic space.

From Space—Time Geometric Optics to START

Consider dl = v.dt = (¢/n)dt, for light propagation in a medium
(refraction index 7) and use the quadratic form dI? = dx? + dy* + dz? for
the elementary trajectory in space di?> = (¢/n)?dt?, or (cdt)? = n?di*> =
(1+ 4mx)di?, to define

dSIQightfmedium = (Cdt)2 - de - 47TXdl2
4y

= (cdt)? —dl* — —2—
(cdt) 1+4myx

Adt? =0,

dSyight — medium? = (1 — %) c2dt? — (de +dy? + dzz)

The relations above allow a new interpretation of the light propagation
in a medium as a propagation with the vacuum speed of light but
in a 5-dimensional quadratic manifold.

In the 5-D form the fifth term [(n2 — 1) /nﬂ c2dt? represents a distance
equivalent to the interaction of the medium, with refraction index 7, upon
the light ray.

We now propose the following 5-dimensional construction, including the
action variable, in the space-time-action quadratic form (see last section)

dS? = ds* — (koda)? = (cdt)? — (da* + dy? + dz?) — (koda)?
where in the case of light the constant kg = ¢/hv = A/h .

c2
(hv)?

2 772*1 2 1,2 2\ 7,2
(koda)® = —5—c dt* = A (&%) at?,
n

the equivalent interaction potential (here &£ represents light — media in-
teraction energy)

(* = 1) /n* = A (€%) / (hv)?

In vacuum the action corresponding to light is

(da)? = (£2dt* — p}dl?) = ((hu)2 - (ic) ) dt? =0
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whereas in the medium there is a change

(da')? = (E7dt? — ppdl?) = ((fw_cAV)z - <A’fn>2> dt>
= ((hu)2 +A(E) - <£\Lc>2> dt® = 7727721(hu)2dt2

In this discussion it is fundamental that these processes take place when
the carrier of light is in interaction with a medium, the medium being
described by an index of refraction 7.

1.1 The photon as a general relativity test particle

General Relativity is considered a comprehensive theory, the best known so-
lutions are developed for the so called matter-free space and a test particle.
We show that START corresponds to a description of the action distribu-
tion which agrees with the conceptual development of General Relativity
(GR), this last theory itself being based on the physical postulate that all
observers have the right to consider their measurements equally valid.

1.2 Beyond the Schwarzschild solution

There are two fundamental (energy-)carrier structures: the massless (as the
photon) and the massive fields with basic relation

E2 = (E0+ AE)?, €% — &3 = (pc)?,

where AE is any gauge-free energy contribution and & = mgc®> = hv
(for a photon).

The concept of test particle (at position{r,0, ¢ }) in general relativity in
the Schwarzschild solution is compatible with the Newtonian limit for the
interaction gravitational energy

A€ (r) = meGTM,

where M is the total mass of ‘the external system’ (confined within a radius
rs , we consider r > r;) which we are exploring with the test particle.

E2 — 2 = £2 + 250AE 4 (AE)® — &2 = (pc)®

2
= 26 AE + (A5)2 — *2m002m0¥ + (mOGiM) ;
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Substitute, using kg = 1/moc and space—time spherically symmetric
coordinates t, r, 6, ¢ , to obtain

(dS)® = (1 _oGM (GQM)2> A (dt)?

(12 (B)) - o s st}

with the same physical consequences, in the limit of r > GM/c? | of the
so called “tests of GR” of the Schwarzschild [1916] metric. The speed of
light in this metric remains to be ¢, a boundary condition different from
that of no-curvature of Schwarzschild.

1.3 Action and the Quadratic Form in START

The actual (bundles of) physical trajectories are those corresponding to
locally null trajectories, that is dS? = 0. This condition being universal
(in START), for massless or massive carriers.

Global least action trajectories, that is & fttf dS = 0. This condition de-
fines the full trajectory. (An example would be a light ray in two refractive
media, each one homogeneous, separated by a surface crossed by the ray.
In both dS%?=0).

1.4 Geometric Derivative

In the geometry which has been discussed up to now we introduced the
use of the dual frame of operators v, which map vectors into scalars,
defined as y*y3 = y37* = 05 , and thus corresponds to a derivative 0, ,
Le., both vy = 65 and therefore 0,,75 = d3, can be equivalently used.
These operators follow the Leibnitz rule for differentiation when applied to
a multi-vector.

Consider, for example, the generator 7,3 of the rotations and Lorentz
boosts operator R

ﬁ — 6%0(0‘5)70&’
used to rotate a (multi-)vector M = {f 4(z)ya}, va € {1, %, Yuv--- -}
M — M =RMR™,

in the plane spanned by 7, and 3. R leaves f 4(x) unchanged, but

transforms the Clifford numbers y4 — +/4 = RwAf{_l. Alternatively, we
can, as very often is the case, write the complementary transformations as

M — M" = (Rf 4(x))ya,
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where an equivalent rotation f 4(x) — (f “(z))’ = Rf #(z) is used such
that v4 — v4, and R is generated by

2P0 — x%0,5.

The equivalent (multi-vector) algebra implies a change of the frame of
reference, namely the passive transformation generated by

Vﬁa’}’a - 7048’763

where the operators d,, = v* , and where, in an orthonormal frame of ref-
erence, the operators v* = (g"’v,)*, with gy, = diag(1,—1,—-1,—1,—1).
Since for a proper space-time rotation we require ¢g** = ¢g#% = —1,

Y50y, — Yadys = 29"M87A = 29°M8r = 2Vag;

A complete representation of the rotations of the START- Poincaré group
is therefore given by

R(Oéﬁ) = (lﬂawa - xaazﬁ) + ('Yﬁa o« ’Yaa’yg)
= (2P 0pa — 2%048) + 2Vap -

In START we have the space-space rotations ;7; and the action-space
rotations 47; . The second ones are responsible for a new property, spin-
charge, of the fields and for the electroweak- color symmetry of charges.

1.5 A generalized Lorentz Transformation

The gravitational field induces a coordinate transformation where we re-
quire the vacuum speed of light ¢ for all observers. This includes the
Lorentz transformation.

The K-L transformation, written as a ds? = (edt/)? — (dzr)? form

dx vdz \ vedt vedt\ 2 2
ds? = [ (ca)?[1 — 2227 o (Y21 ) (dw)?[1 — 2
s <(C )Vl cedt + (ccdt> | = (dz)] cdx * cdx ] 2 —v?

consider the case where dx = dl = cdt, the case for light propagation, to
write

a2 () + (2)'- w2 (2) (=1

symmetric in ¢t and xz, with a form similar to a solution of the Einstein’s
equations. v is an independent variable 0 < v < c.
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1.6 Definition of Carrier Fields

Within our fundamental formulation we will have to define properties of
the fields we call “carriers” (see Keller and Weinberger 2002).

A carrier-domain B is a connected open set whose elements can be put
into bijective correspondence with the points of a region (domain in some
instances) B of a Euclidean point space E. Use X’ to denotes a represen-
tative element of B and x the position relative to an origin 0 of the point
x occupied by X in B.

At each X a scalar quantity is given, called carrier density o(X), such
that if x = ¢(X,t) then o(X) — p(x,t) defines a scalar field called local
carrier density.

A carrier will have physical significance through its set of properties.
The value of the density of a carrier field can be defined through a set of
fundamental scalar constants (main examples: mass, electric charges, weak
charge, strong charge, spin) such that the integral of the product of these
constants and the density gives the experimentally attributed value of a
property for that carrier. The density might become an indirect observable
through the repeated measurement of those properties, but it is not an
observable in itself. We will use an example. A carrier field identified with
an electron will have a density p(x,¢) and if the property is @ we will
obtain the definition Q = [|, q(x,t)dx = [, Qp(x,t)dx for all ¢ in the
system’s volume V, which defines that @) is a constant property (in space
and time) for that field (otherwise the variable quantity ¢(x,t) can be
called “the density of @ ”) The set of properties {Q} characterizes a
carrier field and in turn establishes the conditions for a density field to
correspond to an acceptable carrier.

1.7 Composite, Decomposable, Average and Average Descrip-
tion of Carriers

There are several forms of analyzing the density. Each one allows a physical
interpretation. For example:

e A composite carrier is defined as one for which the density
pc(x,t) = ZACPC(Xa t), (1.1)

with the definition of each of the p.(x,t) being meaningful as a de-
scription of a carrier itself. In particular we can choose fv pe(x,t)dx =
1 and A°=N, .

e Similarly a non — decomposable, (non — decomposable) elementary ,
average, etc. carrier can be defined.
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1.8 The Density

To properly describe systems in nature the conditions to be obeyed by the
analytical function carrier density p.(x,t) are:

D1.- pe(x,t) is a real quantity p.(x,t) C R.

D2.- The density 0 < p.(x,t) < oo in order to represent a finite amount
of action.

D3.- The derivatives of the density —oco < 0,pc(x,t) < +00 in order to
represent a finite amount of energy—momentum.

Theorem (Keller and Weinberger 2002) If ¥(x,t) is an analytical
quadratic integrable complex or multivector function, conditions D1, D2
and D3 are fulfilled identically if pc(x,t) = |¥.(x,t)|*. Here |f|> means
the real quadratic form of any more general function f, even if f itself is
not necessarily a real function and we define: if |f\2 = fTf then 9, |f|2 =
Ouf ) + 1 (Ouf)

Condition D1 is fulfilled by the definition pe(x,t) = |¥.(x,t)|*, D2 by
the requirement of quadratic integrability, D3 by the definition 9, |f |2 =
(OufT)f + fT(0,f) and the analytical properties of W(x,t). It is seen
that the conditions D1, D2, D3 and fV pe(x,t)dx = N, correspond to the
U(x,t) being quadratic integrable Hilbert functions. Thus, even if we se-
lected the density (current in the general formulation) as the basic function,
the auxiliary amplitude function ¥ is unavoidably necessary.
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2 Introduction

There is a large amount of research based on the calculation of the ground
state electronic structures of atoms, molecules and solids. The basic ap-
proach [1, 2] considers the steady state Born-Oppenheimer approximation:
a fixed given configuration of charged point-like nuclei, the so called ‘struc-
ture’ of the molecule, cluster or crystal. The computational procedure in-
volves the simultaneous calculation of: the ground state electronic wave
function ¥y, the (ground state) electronic density pxn(z), the total elec-
tronic energy Epn for the N electrons, a set of M > N auxiliary spin-
orbitals (SO), and the SO-energy eigenvalues £,. A minimum set of N
functions is required by Pauli’s principle. The SO and the &, are impor-
tant as far as they are related to the response function of the electronic
system and as such to its spectroscopic properties. The electronic density,
wave function, SO, and ¢, are not observable in themselves but, through
several spectroscopy’s, they can be studied as indirect observables. Point-
Contact Spectroscopy and other recent techniques (see Itatani J. et al. 2004
[3] and references therein) are good examples of such tools. The compu-
tational techniques can also be extended to time dependent [4, 5] and to
beyond Born-Oppenheimer [6] cases. In these approaches the electron is
defined as a physical entity which obeys the Dirac Equation for the elec-
tron’s experimental mass and charge, the non-relativistic limit of the Dirac
equation is given by the Schrodinger equation if the spin of the electron is
considered for magnetic interactions and for statistics.

Several features made the, now known as Hartree-Fock method (HF),
the reference: it is a formally correct variational procedure based in the
use of a determinant of auxiliary functions for which a differential equation
is deduced within the method. It includes (through the basic properties
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of the Slater determinant) the Pauli Exclusion Principle as well as the
indistinguishability of equivalent fermions. HF is also a suitable starting
calculation for establishing the procedure known as Configuration Interac-
tion (CI), introducing a set of variational constants, when the spin-orbitals
resulting from the HF calculation are used to construct a formally complete
wave function as a sum of mutually orthogonal Slater determinants. The
standard definition of ‘exchange energy’ and of ‘correlation energy’ is given
in relation to the HF4+CI procedures. In the determinants no two-electron-
relative-coordinates functions are used, neither in these approaches nor in
the one described below.

Another widely used methodology, based on the Density Functional The-
ory (DFT) a correct formal procedure itself [7, 8], can be considered as
related to HF+CI as the standard calculations include local density func-
tionals for the exchange and correlation energies and potentials.

Recently we have shown that there is a new, geometrical, starting point
for formulating a mathematical theory for the density and for the related
wave function [9]-[13], we call KKW. A resulting methodology, developed
here, shares both all the favorable features of the HF+CI method and the
advantages of the DFT procedure. This suggests that there should be a
relation between all three procedures HF+CI, DFT and KKW.

In the calculation of the stationary ground state of the many electron
(many equivalent fermions in general) wave function and densities a varia-
tional approach optimizes the solutions with respect to desirability criteria,
in our case, the lowest ground state energy E. The variational procedure
provides a suitable set of constants and/or a set of auxiliary functions. For
computational method M of lowest ground state energy E = [ UH W dV

we should consider the variation of a functional & ({ J VH mPdV — E}

— (f Uy — N)) = 0, where the second parenthesis imposes the con-
dition that this is an N electron system.

The basic formulation can be summarized as follows: to the N equiva-
lent electron system in volume V', obeying the Pauli’s exclusion principle,
corresponds an analytical finite non-negative total density function py(x)
such that the total electronic energy E = [epn(z)dV is well defined and
proportional to its integral in the system’s volume. To fulfil this condi-
tion there should exist a many electron analytical square integrable wave
function Wy ({zn};n = 1,...,N) such that py(z) = |Uy|? :Zi\;l pe()

M>N
= u=1 Pul().

Notice that two different expansions of the density are used simultane-
ously: one ( Zivzl pe(x) ) is the description of the equivalent electrons
in the system, the second ( ZqulN pu(x) ) describes the shell structure
(atomic or molecular orbitals). In the Hartree-Fock method, with M = N |
one description corresponds to the columns and the other to the rows of
the determinant.

We have also indicated that this Hermitian square should be describable
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as either a sum of non negative, finite analytical functions p.(z) = |1c|?,
one equivalent . for each electron in the system, or (to be able to agree
with the Pauli’s principle) as a sum of M > N, weighted by w, = |bu|27
spin-orbital ¢, contributions p,(x) = |bu¢u\2 . This ensures that the phys-
ical conditions, which must be obeyed by the wave function itself and by
the density, are fulfilled. In the case of the many electron (fermion) system
all N electrons (fermions) are equivalent. The ‘system’ to be studied is
such that no electron can be distinguished by position. This equivalence
requires that the density itself should be describable as a sum of N equal
densities pone electron () which should be generated by equivalent contribu-
tions. That is pone etectron(z) = 1/N >, pu(x). The many-electron wave
function ¥y ({z,};n = 1,..., N) should be used to compute the total en-
ergy and other properties of this ground state of the system. Historically
the Hartree-Fock method (and its complement Configuration Interaction)
fulfilled the conditions above.

What is needed is to find the analytical, possible complex, function
U({z,}) of aset {z,;n=1,..,N} of N coordinates which allows the
factorization of a finite non-negative function

p(@) = U ({2 )N (2, {2} {a), DU ({z),}) C RT

(the real numbers R ={R~,0,R*} are either negative, cero or positive).
Here N(z,{z,},{zn}) = Y o 0Ty, 6x, is a projector from configu-
ration space X into the real space coordinates x .

In the KKW theory (all relevant points are presented below) the basic
idea is that the density appears as a sum of densities and then the wave
function Wy should both be the square root of the total density function
p(x) = >, pu(x) and also provide the square root ¢, of each one of the
contributions p,(x) to the total density. For this we require the use of
geometric (multivector analysis) techniques. In fact the problem is similar
to that of finding the linear form (geometric square root) d = ae; + bes +
ces+... which corresponds to the quadratic form d? = a?4+b*>+c?+... C RT.
Here d is the geometric square root of the scalar quantity d2.

For a positive definite function p(x ) = dT( )d(z) € RT an ordinary
(scalar) square root d(z)= +/df(x) Va2(x) + b2 (z) + A(z) + ...
is not necessarily analytzcal Whereas the geometrlc square root function
d(z) = a(x)e; + b(x)es + c(x)es + ..., through the use of an analytical set
¢ of auxiliary complex functions ¢ = {a(x),b(x), c(x ) .} C (C can be de-
manded to be analytical. The Hermitian squares {a ), b?(x } C
Ii&i* The analyticity property allows that a set of dlfferentlal equatlons
Da(z) = eqa(z), Db(x) = epb(x) ... which incorporates physical and math-
ematical boundary conditions can be found.
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2.1 The Geometric Square Root

There is a freedom to choose, for the description (shell structure in our
particular case), the most convenient anticommuting normalized basis set
{ew; eye, = —epe,, u#v; u=1,...M > N}.

Otherwise, as the electrons are equivalent, we will also need a sym-
metrized form of d. For this purpose we will simultaneously introduce a
second (one basis element per electron) anticommuting normalized basis set
{w9;0%w% ;= —w%w% | j#i ;i=1,..,N} and a normalized vec-
tor S = +/1/N (wf +ws +wd 4.+ sz\',) and our definitions imply that

2
(\/1/]\7 (wf +w§ +w§ + ... erf,)) = 8% =1 . The w¥;, therefore S,
commute with the e, . Define d = (ae; + bes + cez + ... + Meyr) S, then
d? = (d/N)*+(d/N)*+(d/N)*+...4(d/N)* . There is a double summation:
over the basis set {e,} and over the per electron in the system set {w®;}.
The summations can be interchanged. This is the geometric procedure used
below. The algebra of the {e,} or of the {w¥;} is a Grassmann-Clifford
algebra (see [11]-[13]). Notice that there is no need to define a vector scalar
product.

3 Geometric Formulation of the calculation of the
Stationary Ground State of a Many-Electron
System

Here we present the formalism for the calculation of the stationary ground
state of the many electron (many equivalent fermions in general) wave
function and densities and the corresponding variational approach.

3.1 Configuration Space and Real Space.

A basic concept in the study of a many-electron system (N interacting
fermions) is, from the considerations above, the simultaneous, repeated,
use of real space (the space of the observer) for each one of the fermions
of the system: configuration space. Then, if x represents a point in real
space, it is customary to represent by X = {x4;a = 1,..., N}} the set of
points in the configuration space X for N fermions.

The volume integral [ d) when referred to the coordinates of fermion
a is denoted by [dQ,. Also [dQy indicates the integration over all N
space replicas [ dQ, . In the formal notation below we introduce an inte-

—

gration operator [dQy to denote that repeated space integration for all
N electrons is to be performed. The absolute value of the distance between
two fermion points z.p, = |xp — Xq| -
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Here and in the rest of our presentation we use a geometric notation
X = Z waXg;{fa=1,.... N ; wewp = —wpw, , b # a}, (3.1)
a

introducing the per electron operator w, and, also, the projection operators
W, such that Wywp = d4p selecting the part of the configuration space which
corresponds to electron a; thisis W, X = x, .

This construction allows a clear formal definition of the electrons involved
in each part of the calculation. Our geometric procedure introduces one
feature of the statistics of the fermion system from the beginning because
the interchange w, < wp in the products wyw, for two electrons, in any
given expression, will change the sign of the corresponding terms.

When the argument of a function is position we will also use the fermion’s
numeral, say ¢(x1) = ¢(1), as equivalent argument.

3.2 Basic Principles

The Principles implied without further discussion in this paper are the
same as those of the Hartree-Fock approach:

e The total energy is a functional of the wave function.

e The possibility of using the Schrodinger equation for the IV electron
system. The kinetic energy is the sum of independent electron-like
kinetic energies for each electron.

e The ground state of the many electron system corresponds to the
lowest total energy.

e The Pauli exclusion principle requires that the description for N
electrons, included in the wave function, contains the occupancy of
at least M > N pseudo-electron orthonormal spin-orbitals ¢, .

e The equivalency and indistinguishability of the electrons require that
all electrons are equivalently described.

e A variational approach can be used.

The electronic structure calculation of a many electron system in the
ground state requires then the simultaneous calculation of: the ground state
electronic wave function ¥y, the (ground state) electronic density py(x),
the total electronic energy FEy for the N electrons, a set of M > N aux-
iliary spin-orbitals (SO), and the SO-energy eigenvalues &,. A minimum
set of N functions is required by Pauli’s principle.

Both quantities, wave function ¥ (X) and density p(x) = U, can be
considered as the fundamental variable. In our theory the density appears
as a sum of densities and then the wave function ¥ should both:
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1) be a factorization of the total density p(z)= 25:1 Pone electron(T) =
M 2
> iz pi(z)= [¥]” and
2) provide the square root of each one of the M shell structure contri-
butions p;(x) = |b;és|* to the total density.

3.3 The Energy Calculation.

We rewrite the usual expression for the total non-relativistic electronic
energy operator or Hamiltonian H, in correspondence with our formal
definition of configuration space (an atom electron structure is used to
simplify the notation). We use the above defined per electron geometric
notation {wp,wp} to select, from the wave function \IlﬁK W and its conju-

gate \IfﬁK W' the corresponding contributions. A per electron operator is
an effective one-body operator.
We consider first the per electron ‘a’ kinetic energy operator

—Wq (h2V2/2me) We

and the electron nucleus potential energy operator —w, (Ze2 / |xn\)wa.
Second the pair-wise Coulomb interaction V,_. cous between the electrons:
for electron ‘a’ in the pair a,b we have

. N _— o2
V:g—e ou =713 a dQ2 Tz .
( ,C l)a +2 Zazl w / N Zb#a (Ldb |Iab|Wb> .

(notice that after performing the indicated [ dQy integration for all b # a
this is reduced to a per electron operator).
Then

) R N A
o = / dﬂNZalwa[ P e (3.2)

T 2me |z
-~ — N
1 2
+*/dQNZ (wbewb> Wy -
2 b#a ‘xab‘

Correspondingly, the wave function WEEW is (first in a per electron n ba-
sis and second in a per orbital ¢ description; using the geometric operators
a; per auxiliary basis function ¢; (SO) with weight b;, a0 = —aja;,
J # 1, and the projection operators a;a; = d;; ):
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e 3 ), (33)
M>N

where (W), = wy, |:Z7,‘—I biai¢i($n)] ; (3.4)
and UEEW — Ziv:l (V@) n (3.5)

_ M>N
where (ww) n= {Zl_; b:di¢j(mn):| W, (3.6)

with normalization

N = / TREWGEEW 40 (3.7)

N
:Z/{\If{gKchwcqf{gKWdQc},
c=1

and, when written in terms of the auxiliary spin-orbitals ¢;

N=N / PpdQ = NZ%ZN / bicvipibicvip;dS (3.8)

:Nzi |b|/\¢>z\ dQ = NZ \b| (i11).

In this paper we assume equal number of spin up and spin down electrons,
the spin restricted case. The second line in (3.7), from the definition of
[ dQy in the Configuration Space section above, is an identity. In (3.8) we
use the orthonormality of the «; .

Note that a double set of Grassmann (anticommuting) numbers {wg;0;}
has been introduced, this has an analytical analogue in the HF method
determinant where either the exchange of columns or of rows change the
sign of the determinant. Formally the wave function ¥ could be repre-
sented by a rectangular M x N matrix with entries «o;w,. The second
line in (3.3) would correspond to the (real positive number) trace of WU .
Exchange terms will arise from (3.3) when used in (3.2). The ¢;’s form
an orthonormal set of spin-orbitals (i 1j) = [ ¢F¢;dQ = §;; and we in-
troduced the normalization }_, |b;|> = 1. Then the one electron density
p1(x) = V(x)$(x) = 3, [bil” 65 (x)i(x)

In (3.2) the Hamiltonian H, for electron n: H®"¢(z) 4 Hinteraction q)
where the second term is a local one-electron operator, even if the electron
repulsion, being dependent on the inter-electron distance, is a two-electron
(i for n, j for m) operator. The resulting potential is the same for all
components of 1.
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3.4 Core Energy
Denote the first two terms in (3.2) as Zivzl weH(¢)w, , then

N
Ecore = /\I/{chﬂ'ciﬁe(c)wc} \deQc
c=1

/Z wd’wd’ X {Z We Hcore }
Z watpa(xaq)de, (3.9)
d

and from (3.4) and (3.6), orthonomality and equivalence:

Ecore = N/@1(X1)ﬁcore(1)wl(xl)d91

ZN/ZIbiI%Z*HC‘”%dQ. (3.10)

The {w,,w.} and the {a;,@;} above have selected the sum of the diagonal
elements in (3.9). Note that the shell structure can not be avoided [9, 10].

3.5 Electron-Electron Interaction Energy

For the electron-electron interaction (e-e)
B = /\IngWZ Wa
Z/ <wb wb> dsdy wa\I’K WdQ (3.11)

here, from the equivalence of the N electrons, we have N equal pair-wise
1 < 2 contributions which consider all spin-orbitals. Using the expansion
of the v, we obtain

e—e __ E * - * _ 62
E ) //zi:@(l)biazzj:@@)a] 10
> i 2)ar Y ¢i(1)oudQds. (3.12)
k l

Considering the property a;a; = d;; there are 3 types of e—e terms:
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I) j =k and 7 =1 which gives

N/ Z/ > [bil*165(2 ﬁ 1 (z2) dSY x

J#
b 9D} 1 (1) d

N N
=5 2 > bl il i) = S B, (3.13)

=

where we have introduced the notation (ij,4ij) for the integrals, as they
are “Coulomb integrals” in the accepted electronic structure calculation
language. Also the formal local unit factor 1 (z) = ¢ ()¢ () /p1 (x) will
be fundamental to perform the variational procedure below to find the
effective equations for the ¢ (). Note that the 1 (x) appear twice in this
term resulting in a factor 2 in the variational wave equation.

) j =1+#i and i = k (the &5/ from spin orthonormality, and one

change of sign from the interchange a;o; = —aja; is needed!)
N .
-5 2 o lbl
i, J7#1

//{ ;;M )6 (2) | dQ21 (1) d
A5

i,j#d

... N
|7 104l (ﬂ,w)=§Eu, (3.14)

where we have used the notation &/ (ji,ij) for the integrals, as they are
“exchange integrals” corresponding to the [i,j] pair of spin-orbitals in the
accepted electronic structure calculation language; the §s/ requires s; = 55
and ensures that the product ¢7(1)¢i(1) of the SO, with spin s; and s;
respectively, is not null. We use again the formal local unit factor 1 (z).

ITI) Null terms, where (i #1 and i #k )or ( j#1 and j # k).

E; and Ej; also contribute to the formal interpretation of the Pauli
Exclusion Principle: a given electron is not interacting with itself and there
is an ‘exchange’ term for fermions, where from o;o; = —aj0; a negative
sign appears.

3.6 Variation of the Total Energy with respect to the

Here we consider the total energy in terms of the ¢ as above. From the nor-

malization (3.8) the per electron density iS pone—eciectron () = ¥ (z) 1 (x)
and the total density N pone—eicctron () -
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We write the total energy
Eiotat = Ecore + g (B +E°). (3.15)
For the core term

Eoore/N = / s (o) HE (1) (1), (3.16)

the variation with respect to 1, (x;) gives

R RV Ze?
Hcore(l)wl(xl) _ {_ 2"n(l) _ |Xel|} wl(Xl). (317)

For the variation of E7~¢/2 with respect to 1 (x1) we obtain, defining

o= { et o1s

%

/ [Z#i 1051 165(2) I |;122|]}d92,

and, considering that the factor 1 (xj) appears twice in (3.13), the repul-
sive electron-electron term

23 Vi1 ) (1) = Vi (1) (). (3.19)

Finally for the variation of Ef7; /2 with respect to 1 (x1) we obtain,
assuming equal number of spins ‘up’ and ‘down’, defining

55 16 % |bs|?
‘/II(XI):_Z i ]‘ ‘ |

e (x1)

/ [¢;<1>¢:<2>62¢i<1>¢j<2> 00,

(3.20)

|z12]

the attractive ‘functions interchange’ electron—electron term

V(%) (x1). (3.21)

3.7 The KKW auxiliary equations

The variational procedure must be carried with respect to the 1 ‘s

s U Ul HyW ndQy — p (/ |WEEW 2 QN — Nﬂ =0, (3.22)
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to obtain the formal equation which describes any electron n in the system

(reminder 1 is a vectorial sum of functions ¢; ). We collect the different
terms of f‘IJ;rVHo\IJNdQN from (3.10)-(3.14) as in (3.15)

[ ¥ Bavndny = E[0.7]
also /|\II§§,KW\2dQN :N/|w|2dQ,

and perform the variation with respect to v (z), as shown in the previous
section, to obtain

ARRW (2) = i (2) (3:23)
. 22 2
HKKWE{_ZTZ _T;+V[(x)+V11(x)}.

The expansion of the 1 in terms of the ¢ allows a further reduction, write
(3.23) as

H/Kﬁv ZZTN biipi(Tn) = HZ

apply on both sides the projector @; to obtain the practical equations for
the set of auxiliary orthonormal functions ¢; (from @;¢ = b;¢;)

M>N
bia;p; (In) ) (3-24)

i=1

HKEW g, — ¢, (3.25)

We obtain, by left multiplication with v of (3.23), integration and the
normalization (¢ 1) = 1, (¢; 1 ¢;) = 1, a relation between the p and
the e;’s given by u=>", ¢ \bi|2 = , that is: p is the weighted average
eigenvalue.

3.8 A more familiar form of the auxiliary wave equations

We can rewrite the electron—electron interaction energy in a form which
started with the Hartree-Fock methodology. Consider

. N
£ = ?{E1+E11},
and rewrite as

= 5 [ (Bowulx) + Exc(x)} b (a1) v 1) e,

obtained if, in the definitions above, the ‘self-coulomb’ integrals |b;|” (4, i7)
are added to remove the condition j # i, to Ej. The ‘self-exchange’ inte-
grals — |b;|? (i4, ii) are added to remove the condition j # i, to E;;. (The
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E;; is now as in the formally equivalent Slater(1951) idea [14], which here
is no longer an approximation). Then

h2v? Ze
2me  |x|

o2
VCoul(xl):N/[p( :|d 2
|z12|
N

Vmc (Xl) = —m Z 563

2 J

H/Kmvz{_ + Voo (x )+ch(x)},

62
/ [¢;<1>¢:<2>M¢i<1>¢j<2>} 09, (3.26)

By substitution of (3.26) in (3.25)

h2V2 Ze?
(o e Ve G+ Ve b0 f 0, (0 =200 (321
Reminder H/KEV is the same for all ¢;’s
The total energy given in a form related to HF is obtained by direct in-
tegration of the set of equations (3.27) multiplied on the left by ", |bs|* ¢
and comparing with (3.15):

EV] = Z|b| i — Deout /VXC (x)dQ + Exc (3.28)

(customary form FE.,,; and Exc¢ include the self-coulomb and the self-
exchange respectively).

With variational constants b, = \/ 1->

j>Nbij)/N for 1 < N and
bj = /> i<n bij)/IN, the variational procedure to obtain the set {b;;} is
similar to CI. A secular determinant can be constructed and solved. If the
basis {¢;} is large enough a time dependent formulation with AV (¢) can
be constructed where b; = b;(t) and the b;; = b;;(t) describe induced
transitions.

Finally the basic definition for the total energy F = E | r ) (x)] of

N equivalent carriers (electrons), in terms of the density N (x) (z)

defining
|b | ¢* HCOT‘EQS (Xl)
core = N/ [Z " Xl)
¥ (x1)

1) ¥ (x1) dy (3.29)
= / core X1 ) ’Q/J (Xl) dQl .
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E=N / {7 (x1) + ™7 (x1) } () ¥ (x) A, (3.30)

here, considering E = N [ et (z) 1 (z) d

Ecore(xl) + Einter(xl) —c.

4 The Properties of the Wave Function.
Conclusions.

The KKW wave function describes a system of IV electrons with an expan-
sion based on M > N auxiliary, mutually orthogonal functions, solutions
of the same “KKW?” Hamiltonian. The complete wave function, then the
one density, is directly optimized and not each auxiliary function at a time.

From the many possibilities to construct the 1 it is useful to choose the
one presented here because the eigenvalues ¢;, by construction the rate of
change of the total energy with respect to occupation of the ‘¢’ spin-orbital,
are an approximation to the removal energy of one electron, from that SO,
in the system. Also because the SO functions, being related to the response
function of the system, have become observables (Itatani J. et al. 2004 [3]).
Below we quote standard use of the so called ab-initio and DFT methods,
see for example [15, 16].

e The KKW method offers a complete variational solution to the prob-
lem of finding the wave function and simultaneously the energy of the
ground state of the NV electron system.

o The KKW method (M = N) requires the self-consistent solution of
N differential equations, as in DFT, unlike the HF which isa N x N

formulation.

e If asin the HF method, each auxiliary function were to be optimized
separately one at a time in a self-consistent set, from the equivalent
expressions for the total energy, we go back to the HF procedure
and results. Our method has the advantage that the complete set is
optimized simultaneously to search for the lowest total energy.

e The KKW method in the minimum auxiliary functions procedure is
equivalent to the Slater (1951) average exchange proposal (with the
so called ‘exact’ exchange) and in fact transforms this Slater ‘ap-
proximation’ into a non approximate procedure where all auxiliary
functions are optimized simultaneously.

e To find the limit for the ground state energy of the system the num-
ber of auxiliary functions to be considered is M > N . The practical
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approach to this calculation will be twice variational, first in the
sense that the auxiliary functions are found from the variation of a
functional, and second because the weight of the contributions of the
remaining M — N functions will require a set of variational parame-
ters to be found. This being not the only possibility even if it appears
as the simplest one.

e The formal structure of the new method enriches the methodology of
the DFT by showing that the Slater exchange and the Kohn-Sham
procedures are formally integrated to the general scheme and also
because an N -electron wave function W  which is required in the
theorems of the formal DFT theory, is constructed and used within
the formalism.

e The new method systematically includes the kinetic and the potential
energy for the additional M — N auxiliary functions. It has otherwise
the advantage, as in multiconfiguration calculations, that all spin-
orbitals are self-consistently optimized.

e The use in the Hamiltonian of selective pair-wise interaction terms
(Ave—e)ab = WqaWh (Avmn) Wpla,

allows the description of pairing of any origin, magnetic or electron—
phonon or from any other indirect type. Also specific one spin—orbital
cases (AV), = wq (AV,) W, . This being a further advantage of the
geometric notation.

The KKW approach also shows, from the different analysis presented
here, DFT both as an ab-initio and as a first principles method. This is an
important formal contribution of our study.

Computationally there in no need to consider a self-coulomb energy. As
all electrons have equivalent descriptions, with the same density per elec-
tron, there is an exact resultant factor ((N—1)/N) in the electron—electron
Coulomb interaction. It is basic for the calculation of the hydrogen atom.
It is dominant in the calculation of the Helium atom where each of the two
electrons interact which the other but not with itself, and progressively
less important for larger systems where the interchange part of the interac-
tion grows. Standard DFT programs [17, 18] for atomic electronic structure
calculations are easily modified, a (N —1)/N factor in the Coulomb poten-
tial, replacement of the exchange—correlation and total energy subroutines,
to solve the KKW equations (3.27). As a numerical test the relativistic
program “David” [18] was adapted, the H atom calculation used as a first
check of the numerical procedures, the He atom with M = N, the Hartree-
Fock limit for the Coulomb interaction and the He atom with (1s,2s,2p) for
the M > N case, Berilium and Kripton in the M = N as further tests.
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All results are acceptable in the limit of the corresponding approximations
(Hartree atomic units):

Atom  Eiotal Eur Eprr Eexp.
H —0.5 —0.5 — —0.5
He —2.886 —2.864 —2.867 —2.90
Be —14.603 —14.573 —14.592 —14.673

Ne —128.87 —128.55 —128.62 —128.94
Kr  —2799.49 -2796.72 —2787.80 -

In our analysis we have gone beyond complex algebra and calculus, in
fact we have gone to the more general domain of the Grassmann-Clifford
algebra and analysis.
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